
 Lecture L Unique factorizationdomains

TODAY'sGOAL Study a new class of wings UFDs relatethemto theothernotions

50.1Definition

In order to statewhat V F D s are weneed someterminology

Definition Let R be an integral domain
a E R is said to be an irreducible element if ato a R and hr any yER

wehave if a xy then either x or y is a unit in R

a ER is said to be a prime element if Of a R is aprime ideal

ie xye a Ela or ye la

Lemma Prime elements in a domain are irreducible
Proof Fix a E R a primeelement so ato a R

Assume a xy with x y ER Then Ela
pan

Ela or ye19

Without lossof generality assume 197 so ZER with a Z

a xy azy ie a 1 Zy 0

Since R is a domain and a to we conclude 1 Zy 0 ie yER
Thus a is irreducible

Proposition Let R be a PID and a 0 Then a is prime if andonly if a is inducible

Proof 1 Follows fromthe Lemma

We assume a E R is irreducible so a 0 a R Wewantto show a isprime

We show that a is maximal

Pick IER ideal with a I Since R is a PID then I ERwith I Ix

This at x meaning reR with a xr

Since a is irreducible wehave either E R l so I R or TER so x art
thus la x 19 giving a I

Weandade if I is an ideal with 1a I then I 1a or I R

This implies a is maximal hence prime



Definition Wesay a ring R is a uniquefactorization domain UFD forshort if for

every n ER n o n R we have

i n can be written as a finite product of inducible elements notnecessarily
distinct ps Pm ER n p Pa Pm

121 if n f se for 9 f inducible then n l and upto

permutations theqi's are related to pj's byunits of R
Meaning TESm and units us gum ER st wifi Pr it im

50.2 Examples

R Z

Primeelements of R primenumbers

Irreducible elements of R prime numbers

2 is a UFD Fundamental Theorem of Arithmetic 2 14

R Fs is not a PID Theorem598.4 UsingProposition550.1 we

can give an alternative proof
Lemma 3E R Z I is ineducible but not prime

Proof First we show3 is ineducible Assume 3 2 β with α BER
Then applying N 1 12 5 0 weget

9 1312 1212 B12 with 121 BIE Z R Offs since 5 3 mode

We get 2 options 111 1212 a 1112 1

121 121 β
2

3

By construction α atbF5 with a bE2 1212 a 5b 35 if bto
In addition if 3 0 we get 121 a 3 since at 2

Theis option 2 is impossible ie either 1212 1 so ER byCorollary598.1 or

IB 2 1 SOBER

Next we show 3 is nota prime element Indeed I Fs 1 Fs 1 5 6 3

but IIF 3 Otherwise I EE 131 so a bEZ with 1 IF 3 ath Fs

Thus I 39 with ae2 Contradiction



550.3 Mainresult

Theorem Every PID is a UFD In particular everyEuclideandomain is a UFD

In order to prove this statement we will need the following result

Proposition In a UFD a non zero element is aprime it andonly it it isirreducible

Proof istrue for anydomain by Lemma550.1
Let at R be an inducible element and assume x y ER with xyela

This ZE R with xy at

Writing x y as a product of ineducibles usingthe fact that a is inducibl
the uniqueness factorization says a agrees itupto a unit in R with an irreducible

either x or y Note that wecannothaveboth x y ER since a RX

Assume it is Thus wehave Ka pc Pn with UER and Pups Pn

la possibly empty set of ineducibles Then a x ie E la as wewanted

Proofof Theorem Since any Euclideandomain is a PID we needonlyprose the
firstpart of the statement

Let reR with r 0 F R We want to show existence and uniqueness
f the faitorization of

Existence Wetreat 2cases depending on whether r is ineducible or not

CASEI It r is irreducible there is nothingtodo

CASE2 If r is not imeducible then ri ra R with r r ra so retri
If both these elements are irreducible there is nothingtodo

Otherwise one of them is reducible say r Wehave r Ir because r R

Then Fri riz R with R raria
Wecancontinue in thisway to produce an ascending chain of ideals

r siri rn R

Is
Take J µ In This is an ideal of R Since R is a PID we



know at R with J a Let me IN with ae In JE In
Then In Ints J In In Int Intz a

This shows thechain 1 is stationary so at somepoint the construction of

inducible factors of r stops

Uniqueness We proceed by induction in thenumber of inducible factors of some
factorization of r

Basecase no then r KR If r fc forsomeother factorizationwith ined
then fdivides the unit r meaning is also a unit Contr

Inductive Step Assume us r has a factorizations

r p Pn 7,72 7m
with men Since p is irreducible Proprition implies it is prime
Then since p 119 9m we can find je hi im with pi lfj
Afterreshuffling wemayassume j 1 Then q p u with ne R

Since is inducible p R we conclude that at R Thus p q are
associates This becomes P Pc Pn UP 72 7m

Cancelling p from both sides we include that s P2 Pn 147271 7m has

a factorizations with n 1 m 1 ineducibles lutz is inducible the 11H

ensures n t m I TE Su and uz un E R such that

ui9 Pry for all i 2 __ m Combining thiswith u U Till the

statement follows

Corollary FundamentalTheorem of Arithmetic 2 is a UFD

Corollary2 For everyfield K Kex is a VFD

Corollary 3 i is a UFD

If you are curious about whatdo factorizationsinZ i look like youcan lookat Section58
in the textbook



Smecomments

111 For the proof of theTheorem we didn't need to invoke theLemme since we

know that on a PID every inducible element is automatically prime
121 Weusedthe PID to show the existence of a factorization but wedidn'tneed

the PID condition for the proof of uniqueness Uniqueness did use that ineducible
elements areprime
137 As a consequence of this our proofapplies to more general cases Moreprecisely

Corollary4 Assume R is a domain satisfying

111 every AER a 0 a ER admits a factorization as a limit productof

inducible elements

12 every inducible element of R is prime
Then R is a UFD


