
 Lecture L GCDs and NoetherianRings
Recall Lasttime wedefined UFDs andweprose

lemma In a UFD inducible elements are prime

Theorem1 Any PID is a UFD In particular anyEuclidean domain is a UFD

Corollary1 Z K 1K field and Z i an UFDs

Theresult is stinger wewill see it in a future lecture

Theorem2 If R is a UFD then RIX is also a UFD

Corollary 2 Foreveryfield k and n EIN we have K x1 x2 Xn is also a UFD

551.1 Greatest CommonDivisors in UFDs

Definition Given R ring and a bER a greatest commondivisor between a b is

an element d gad a b ER satisfying the following properties
I l d a and d b in R

121 if cl a and c b in R then old m R

I gid donotalways exist for arbitrary ring If the do they are welldefine
upto multiplication by a unit of R

Recall In 2 we can build the ged n m fromthe factorization of n m

Weshowthe same ideaworks in any UFD

Theorem In a UFD gods exist

Write a pi pre en er Pa p distinct primes positive

m ft 9s's fi f 71 91 fs

We assume p 7 Pt ft and the remainingprimes are all distinct meaning

SPttis Pr A 3 ft 7s Then

fed mm p
mise't's ppmset feel

The same method works for other UFDs



Let R be a UFD and a b ER 301 Write

a u p pal Pne and b a p pate put

where o u r ER

Pi Pn are non associatedprimies ined elements of R

e g en ti the 230
Lemma gcd a b p

mm pim isthegreatestcommon

divisor between a b

Proof i is clear a d p kzpiq
s d11 Ep e's

2 is alsoclear since prime inducible elements occurring in the decomposition of c have

to be associate to those in the subset p Pn Furthermore the experent of p int

hasto be e and Lj so it's min he j k t

51.2Noetherianrings

Let R be a commutative ring
Definition Wesay R is Noetherian latterEmmyNoether if the following holds

AscendingChainCondition
Givenany ascending chain of ideals in R I I I

there exists in suchthat In Int

Nonexample Let R ring of continuous functions real valued of one real variable x

f IR IR continuous

In FER fix so xE in for 4 1,2 3

As 1,132 2 weget I I Is IgE
Exercise Thischain never stops ie it doesn't stabilize as intheconditiondefiningNeetherian

rings



Beforegivingexamples ofNoetherianrings we need the followingtwoequivalentwaysof proving
that a ring R is Neetherian

Proposition Assume R is a commutative ring Then the following are equivalent

111 R is Noetherian

21 Given an ideal I R thereexist finitelymany a az an I sushthat I lay and

Read every ideal in R is finitely generated

3 Let X be a non empty set of ideals of R Then JEX such that

JE I I E X J I
Read everynon emptyset of ideals in Rhas anidealthat is maximalwithrespect toinclusion

Proof We show 117 13 2 111

1 3 We assume Ris Noetherian ie theCACCI holds

Let X be a non emptyset of Ideals in R We argueby contradiction
Choose I E X Since I is notmaximal ax I EX with I I

Repeating the same argument weget an ascending chain of ideals elementsofX

I I I

Thischain does not stabilize since In In This contradicts the fact that R

s Noetherian Conclusion Fossome N 31 In E X is maximal among all elements ofX

3 12 Let I R be an ideal Considerthe followingset of ideals in R
Consider X 4 I I I is a finitely generated idealofR

since I 10 E X

Let I EX be maximal among all ideals from X Such element exists by 3

Weget I I

I is finitely generated

It I I I Iz is a finitely generated ideal then I Iz

We claim that I I hence I is finitely generated



We arguebycontradiction If I I aEI Ig Then I I la

satisfies I is a finitelygenerated ideal of R I EX I Iz
I I

This contradictsthemaximality of I as an element of X Then I I aswewanted

2 1 We checkthe ACC holds for R

Assumewe are given an ascending chain of ideals I I Is 1 1

Take I jY Ij R Then I is an ideal I Ij because In Int t

By 2 I is finitely generated ie I a an forsomefinitenumberof elements

91 an E I

By definition of I ki ka kn St a E In
azEIkz
ANEIKN

Take M max ki kn Then a az an In Int E

Thisgives I In Int Inte I l so Hence In Int I

We conclude the chain stabilizes

51.3 Examples

1 Everyprincipal ideal ring is Noetherian

Recall R is a principal idealring if every ideal I hastheform I I phcipalideal
Examples R K anyfield 2 K x KEXD 22,2 Z i

2 If R K x x2 Xn is a polynomialring in infinitelymanyvariables

then R is notNoetherian since I I xc cannotbe generated by finitely

many
elements

Reason Assume I hi fr for some hi F ER Byanstructioneatinvolves only finitely many variables so n with fir hr EKCx Xn
Si

LieI sit s's ER with fie six
As before m n suchthatall polynomials abose lie in K x Xm



Evaluating 1 in Xm o weget files s e 0 0

Claim Xn 1ft hr

Weargueby antradiction Assume Xut hic fix Xn

involvingfinitelymanyvariables
Evaluating bothsides at x xz n o weget

nth If hito so um l hilggy
0 Contradiction

3 Mainexamplewill be providedby HilbertBasisTheorem R Noetherian If man
From herewe see that Rex Xn is Veetherian foreach ringR which is Neetherian
Examples R Z K any field Wewillsee HilbertBasisThem in a futurelecture


