

















































































































Lecture L1 Hilbert Basis Theorem

52.1 Noetherian rings

Recall wedefined commutative Noetherian rings as commutative ringssatisfyingeitheroneof the

followingthree properties

1 AscendingChainCondition Givenanyascendingchain of ideals I Is Is

wecan find ns so that In Int Into ie thechainstabilizes

21 Every non empty setof idealshasat leastonemaximalelement withrespectto inclusion

137 Every ideal is finitely generated

Lemma If I Ix ie X is a generating set and I is finitelygenerated then

YE X finite such that I Iy Thatis the finite list of generators can

bechosenaningthe input generating set

Proof Exercise

52.2Being Neetherian vs ourbasic operations withrings

Proposition Let R be a commutative ring Assume that R is Noetherian

117 Forany profer ideal I ER thequotient ring RI is Noetherian

121 Forany multiplicatively closedset S of R the ring of fractions 5 R is
Neetherian

3 easiest R Rz Noetherian R Rz is Neetherian

Proof IllWeuse Proposition 51.2 show everyideal of RI is finitelygenerated
Considerthenatural projection I R RI Bythe SecondIsomorphism Theorem539

any ideal I RII corresponds to the ideal J I J R whichcontains I

Since R is Noetherian we have J 191 en for some elements a an

Then J I 5 Alan I and so J is finitelygenerated
Itsurjective

27 Aswith 111 we show that every idealof S R is finitely generated We use thefactthat
we know what ideals of 5 R look like Lemma1 599.2 Indeed any idealof 5 R



has the form 5 I 4 as I se S forsome ideal I of R

Since I is finitely generated say I lb be then weget
5 I he generators jiby jibe with j P R

Weconclude that 5 I is finitely generated

B BytheLemme below any ideal I of R Ra is of the form I Is where I ER

and I Re are ideals Since I I an finitely generated then so is I

Lemma Given R R rings anyideal of R Rz is the cartesianproduct of ideals

ofR Rz
Proof Weconsider the natural projections R R Rz

it

Both are surjections so given an ideal I R R2 we obtain twoideals

11 I I II ER 121 I K2 I ERz
Claim I I Iz
Pf We prove thedouble inclusion

e We know I I Rz Fi Iil I R Iz Iz I Thus we

get I I Iz I Rz N R I

2 Let e EI are Iz Then I b ER and beeRe suchthat

a Killa bat with laybit EI
az 1521151,92 with bi EI

Then a az 1,0 191 b 0,9 bi 92 I where emultonRxRz

Since a as we arbitrary weconclude I Iz EI

Subrings of Netherian ringneednotbe Noetherian

Example Consider R K x1 x2 x where K is a field

Weknow R is not Noetherian Example2551.2

Since R is an integral domain because Kex Xn is for all N we can considerthe

multiplicatively closed set S R 04 and the ringof fractions FIR S R



it's called the field of fractions

Then j R FIR is an injective ringhumurphism Thus weget
R is a subring of FIR
R is Not Noetherian
FIR is Noetherian because it is a field

552.3 HilbertBasisTheorem

Theorem Assume R is commutative andNoetherian Then so is REX
In ordertheprose this result we willneedsome notations andterms for polynomials fEREX 40

fix so ta Xt t an_ t an x and assume n isthe largest with an o

n degree f degree of fix

9 flo constant term of fix

an If leadingcoefficientof text
Convention if o then degree10 so L 0 0

52.4 Idealof leading Coefficients

Let R be a ammutative ring let I Rex be an ideal
Consider theset L I a ER a L f forsome Le I CR

Lemma II C R is an ideal

Proof 111 0 L 0 OEI so OELLI

12 If a b E I f g EI with a If bells
If a b 0 there is nothingto prove

It a b o assume dig k dig g Then atb L 11 142
so atb ELLI
3 If ae II a If for ffI Then a L f L f FEI

so at II

141 Let at L It with a L f FEI ER Then assuming rato we have

ra L rf As reR Rex FEI then r f EI so rae II
If ra o then rat LII automatically



52.5Baby steps towards a proof of HilbertBasisThrown

Throughout we assume R is a commutative ring
Proposition If R is a Noetherian ring and DEZ then

Rexys
is alsoNetherian

Remark This statement in fact would follow from HilbertBasisTheorem but weare

going to use it in our proof

We will in fact prose a stronger result Namely

Lemma Given an abelian subgroup J Rex such that R JE J we can find

finitelymany elements fi ex fpix EJ such that

J R fin R faint Rfpin

Proof For each kt 40 D 1 we define
D 1

4 15 50 U GER fix EJ of the form fix ax Ifgxi
ie collect lowestterm of polynomials f EJ with 1h

Exercise Ca IJ CR is an idealby our assumptions on J

use J C R x xD is a subgroup and R J CJ

As R is Neetherian Ca IJ α 2m for some finitenumber of

elements α 2mi R These elements come from f x thlix J

That is x α x
fees insolysis J

the ax and t fees im tiiseJ
Claim J R f ix R 8 ix Rf ix Rf ix

Rf R 8 m

Pf If six 0 x Yes im tiifEJthenoeCelJ α all



This means D r α t timedid for some ri rmeER

51 1 six _Efr f f e J and six O'xet't here insolysis

So O Cet l J

Repeating this argument after D l iterations of this arguments wegettheclaim

Remark Any J Rs
s ideal satisfies the conditions of theLemma since

Re Rigg is a subring Thus theProposition follow directly fromtheLemma


