
 
Lecture L 11 HilbertBasisThem I Polynomials over UFDs

553.1 HilbertBasisTheorem

Theorem Assume R is commutative andNoetherian Then so is REX

Lasttime wedefined leading idealsand proved a key technicalresult
Definition Given a ammutative ring R and an ideal I Rex we define

L I a ER a L f forsome Le I CR

here if an x as to set If ad Set LT o o

Lemma II C R is an ideal

Throughout we assume R is a commutative ring
Proposition If R is a Noetherian ring and DEZ then

Rexys
is alsoNoetherian

Mowser forany J Rex
ly ab subgroupwith RJ J 7h L EJ with J R fit REIExample J an ideal of R 1 7 1 0

Proof of Hilbert'sBasisTheorem

Let I REX be an ideal Weshow that I is timitelygenerated

Step1 Taketheideal I L III C R ByProposition551.2weknow I is finitely generated because
It is Noetherian Write I as an and therefore weget

91,1 1 9
t teamsinvolving I

Snix an t teamsinvolving n I

Step2 Division Algorithm

If D max di dn 1 di degree fi fist n then six EI

5 me I st degree15 CD

s 5 mod181 9N

PH If dance1g CD we have nothing to prove Otherwise we write

Six Ox t termsinvolving
M 1 E I

and M dj j



As YE I lair an we have ri ra rn ER st 8 r ait in an

six Éirjgjix di EI has degree M

We repeat this strategy until diguels D

Step3 Take care of polynomials on I of degree D using Lemma 52.4

Let us demote by Ic 4 k I degree f D

Then Is R is an abelian subgroup and R Ic CID

By the argument from the proof of Lemma 552.9 filxt fpix Is
suchthat Is R fix t R faut t n t Rfpix
Hence combining this with the conclusion of Stepz

I gi gn fi fp is finitely generated

53.2Polynomials our UFDs

Recall Wehave so far prosedthe followingresults hr commutative rings
Theorem1 Euclidean domain PID UFD

TID Noetheriandomain

Theorem2 On a UFD wehave a well defined notion of a greatestcommondivisor

Key Ona UFD R x is an irreducible element is a primeelement

x imed x as a ER M bER vs prime Ix is aprimeideal to
is true foranydomain R

Recall Given a domain R ged a b d ER is an element satisfying

117 dla d b in R
12 If CFR c a c b in R then sld in R

Lemma1 On a UFD R for each a bER notboth 0 ged19,57 ER exists

Furthermore it is unique uptomultiplicationby a unit in R
imma 2 In a Euclidean domainR whose gcd a b a b a bER

Proof Same strategy usedto prove the statement when R 2 works franyREucl.com



NEXT GOALS Show R UFD REX UFD

Show UFDs NoetherianDrains NeetheranDmams VFDs

53.3 Gauss Lemma

Fix R a UFD let F F R be its field of fractions

Recall FIR 5 R when S R 304 is the multiplicativelyclosed set
all non zeroelements of R

We are goingto new REF and R F as subnings

Definition A polynomial PERex 1304 is said to be primitive if

gad coefficients of Pix 1 in R

that is if p jEqjxi
with into them d c j a n deR

Example R Z fix 2 4 isnot primitive fix 21 27 ʰs
9mn trivial factorization in 2 5 7 but a trivial one in Qixt

Lemma Gauss If R is a UFD and Pix ERC is a primitive polynomial
then Pix is irreducible in R x if andonly if pix is irreducible inFEX

Proof is easy if pix fix fix with f g ERIX FIX then

the irreducibility of Pix overFEX implies fix EFEX or fix FIX

By using diguel we know FEX F so FARIX RAF R 30
Thus we have fix ER 404 or fix ER 309

By symmetry assume FER 304 Then by construction f divides eachcoefficient

of Pix over R hence FER because p is a primitive element Then FER RX
Thus Pax is inducible or REX

is the hard direction Assume Pix is ineducible over Rex

Claim 1 dig Pix n

Pf If dig Pix o then p rER primitive implies PER Rex
which cannotoccur because inducible elements are notunits



Weargueby contradiction and assume pix Aix Bix for someAix Bix EF x

that are notunits ie dig Aix k 31 dig Bix n k 1

Charingdenominators we can find some de R 0 such that

d Pix a ix bax with anxi bix ER

Here aix rAn bax SBix with r s ER so d r s

Claim2 α BER sit d XP II ERCD.be ERCx

Proof Nexttime
The inducibility of Pix over Rex will say ALLEIRCH R M

R contradicting the fact that dgAny dig 9 1 so

deg B1 1 deg b 0


