
 
Lecture L V R UFD Rex UFD

TODAY'SGOAL Show R UFD REX UFD

54.1Gauss'sInducibility literion

Wewillneedthe following notations and results from Lecture53

Fix R a UFD let F F R be its field of fractions

Recall FIR 5 R when S R 304 is the multiplicativelyclosed set
all non zeroelements of

c and R F X as subningsWe are goingto view I

Definition A polynomial PERex 1304 is said to be primitive if

gad coefficients of Pix 1 in R

hat is if p
j
cj.xselfxywithcn.to then d c j a n deR

Lemma Gauss If R is a UFD and Pix ERC is a primitive polynomial
then Pix is irreducible in R x if andmly it Pix is irreducible inFEX

Proof K7 Lecture 53

Assume Pix is ineducible over Rex

Claim 1 dig Pix n 1 Lecture 52

Weargueby contradiction and assume pix Aix Bix for some Aix Bix EFC

that are notunits ie dig Aix k 31 dig Bix n k 1

Charingdenominators we can find some de R 0 such that

d Pix a ix bax with anxi bix ER

Here aix rAn bax SBix with r s ER so d r s

Claim2 α BER sit d XP II ERCD.be ERCx

If If d is a unit there is nothing to prove Otherwise we can write

d p pe where pis pe E R are irreducible prime elements



We will find c est he and i size ci with

yget
in sit interied

suchthat α Pi Pic B Pini pie satisfy bax Rex
We proceed as follows Take P Ip R

Since p is ineducible R is a UFD then p is prime p.to

Then P IP E R is a non zero prime ideal

Consider modulo P Rex

0 If lai modPi xi EE bjmodP Xi

Since Ryp is a domain we know Rp Ex is also a domain Then one

of the two factors above is 0 Thus either

117 a __ an E Ps 9 E Rex
2 bo bn k EP bp E Rex

By induction in 131 we can antenne to find 2 s as above ie

81 1
p pic p pie

in Rex

As a consequence Pix ay bag in Rex combined with the ineducibilit

over Rex says a Rex R M Lt E Rx R

Thus kidig aix o a n kdy bx 0 which contradicts our assumption m k

We conclude Pix is irreducible on FTX as we wanted

Corollary Given Pix Rex and Pix A x Arix with A Ar EFX
wecan find di dr E F st a di Ayx REX i and

Pixt a x arext in REX
Proof By inductionm r 1 The case r z is discussed in the proof of Gauss

Lemma and it is the key to certifythe inductive step

554.2 MainResults

Theorem1 If R is a UFD then so is R



Before we prove thetheorem we need two technical results

Lemmel If re R in ineducible then r is irreducible in REX as well

Proof By viewing E Rex in Fix and applying digs we see that

anyexpression r tix six with fixi fix ERC has fixt fix ER

Since R REX the resultfollows

Lemme2 Let R be a UFD and fix Pixs ax bix E R with

Pix ax bix Then Pax is primitive both alx and bix are

Proof If d all coefficients of any then d all coefficients of Pix

byconstruction Thus d E R because pix is primitive Thisshows a x is primitive

By symmetry the same is true for bix
E If d ged off of pixst then Pixt d fix with Tex primitive
Then d fix aix bixt in Rex We want to show dER

Theclaim in the proof of Gauss's lemmaensures 72 BER with αB d sit

2 E Rex ERIX

Since both alx bix are primitise we conclude α ER BER
hence d LBER Thus pix is primitive

Corollary1 Let R be a VFD and fix Pax any __ arix ERCx with

Pix alix arix Then Pix is primitise elk arix are

Proof 1 is clear Take a aix b a di ar use Lemma2

We proceed by induction n r

Basecase 5 1 is clear

Inductive Step Take a 192 ar set bix 92 9 r

By 11H az ar prime bix is primitive
Then the Lemma applied to a a ix b implies Pix ax bix is

primitive



Proof ofTheorem1 We need to show both existence anduniqueness of factorizations

into ineducibles

111 Existence Pink Pix EREX Pix to Pix Rex We wantto wa

Pix as a productof inducible factors To begin wewrite

2 ged of the coefficients of Pax
Then α ER and Pax α Fix where fix Rex is primitise

Since α ER 304 it is either in RH or it canbewritten uniquely as a

product of inducible elements of R By Lemmel these elements remain irreducible
in Rex Thus it is enough to prosethefactorization existsfor theprimitive polynomial
To

Assuming fix is not a unit we know dig fix 71

Since F x is a UFD Corollary2 550.3 we canwrite

Pix Arix Arix

uniquely as a product of irreducible polynomials in Fox

By Corollary 54.1 we can rewrite as

pixy a ex ar x

when a kt ar ex REX and i ai di Ai forsome diEF

Since Fix is primitive it follows that all any _are are primitive as well

byCorollary 1
Now Gauss's lemma implies that each ajix is irreducible in REX This proves

he existence of the Factorization of pixy
121Uniqueness To prove uniqueness assume PE Rex P Rex P
hor 2 factorizations Pix a ar b bs
with a ar bro sbs Rex all inducible
Weassume the est a an ER ay i are Rex R

bi beer bett __ bs ERM R

Then artis ar bett bs must beprimitive



wehare Pix left life
with Aix Bix ER x primitive bycorollary 553.2

Thus god coefficients of pix a are 1 from the LHS
bi be from the RHS

FUER st a an ub be ER

Since R is a UFD K l and TE Se st Hirai isassociatedtoby
Thus we have a AIX Bixt with UER both AIX B x are

primitive Absorbing u into 9kt we can assume a 1

Since aka n ar by gbs REX are primitive and irreducible in Rex
Gauss Lemma implies they are irreducible overFEX
As Fex is a UFD we get r k s l so r s since k d

and after relabelling hr each j Lti is we have

bjix djajix for some t.ge F
As both aj bjERx are primitise we conclude d ER Rex

Indeed write dj with Lj BJER to get sjbj Ljaj As both

a b an primitive we get α Bj with Bild in R so ER
Conclusion r s and upto relabelling each aimis associate to bix ie

ist i r Fait Rex R with ai kibi


