
 
Lecture LV MremUFDs Eisenstein'sCriterionforInducibility

55.1 Summaryon UFDs

Recall Let R be an integraldomain

AER with a to a R is ineducible if a xy XER or yer
a ER is prime if gela Ela or yela

Lemma a prime a is irreducible

R is a UFD unique factorizationdomain if every non zew un unit element canbe
written uniquely as a finite produit of irreducible elements of R

That is forevery GER a to a ER thereexist inducible elements pi p
notnecessarily distinct so that

a p Pr existence of factorization
Moreover it a 9 where q freR an also ineducible then k l

and there is a permutation t of 1 I and units u u ER such that

f hippie tiest yet Imitiestern

Basic factsabout UFDs Let R be a UFD

117 GER is irreducible a FR is a non zero prime ideal

12 Gauss'sLemma Let Pix ERIX digpix be such that

greatest common divisor of coefficients of Pix Ip is primitive
Let F F R bethe field of fractions of R If then exists a factorization over

Pix Aix Bix where A 1 1 Bix FIX havedegree

then Pix a ix bix where as x bix REX and degree19 degree A
degree b degree IB

In fact def 50 F with ax Any bix d Bex

13 Consequence of Gauss'sLemma andthe fact that KEX is a UFD foranyfieldK
is R UFD RIX UFD



Examples Z xp Xn is a VFD

given K field wehave K x1 Xu is a UFD

Next we show that UFDs Noetherian domains are notrelatedby inclusion
Thrown 1 UFD Noetheriandomains

Proof If k is a field thenR K x x isnot Neetherian but it is a UFD

Claim R is not Neetherian

If I x1 xn 7 is not a fimitelygenerated ideal as we saw in lecture 52

Claim2 Ris a UED

PH Pick FER to L R Then not st felix xn

Since Kfx xu R is a sebring f R F Kex xn K

Since Kfx yn is a UFD f forekfxy.eeXn irreducible

s t f f r tr
Q1 Why is fi ineducible in R for all i
Q2 Why is this factorization in R unique upto associates

Al Assume fi fihi in R Then man such that

fi si hie k x Xm
Claim m n

Pf Assume man Kixis ixm iixn.lt iiggI4ml
so we

can take degx of fi fihimkfxii xm.itfXm and use the fact that

defym is additive with respect to multiplication

hsxmti legit doggy dgxmsi degxmhi.to

ie si hie Kfx gym i

Byinduction on m n so we include si hie Kfx Xn ie men 3

Since hit Kex Xn is ineducible we get sit taxi xu K CRY










