
 
Lecture LVI Towards Gribner bases I

56.1 Roots ofPolynomialsandtheirmultiplicity

In Lecture54 we discussed inedercibility of a polynomial in onevariable withcoefficients from

a UFD We also the following fact in our examples
Lemma1 Let K be a field eg K Q R C Z

pz for parprime
let telex

and α E K Then

1 21 divides fix in K x 412 0

Proof If fix 1 2 fix for some six ek then f x 0 fix to

Use the Euclidean Algorithmto write fix 2 fix trix
so that o on rix to and dig rix deg x x ie r EK

Now fix 0 fix r r
r o so fix x x fix

4127 0

Similarly we can prose a more general result

Lemma2 Let K be a field Let fEKCX α E K and N 1 Then

1 2 divides fix in Kex fin flickr.iq1ko
Definition If f anx t ta so then flix man in 1 an x 292 9

Proof Write fix 2 fix forsome gEKfx
Then fix N x 2 fix d glix 2 l e m

Weproceedby induction on N
BaseCase N t is the content of Lemmal

Inductive Step x 21 divides so 1 2 disides t By Lemmal f 2

Since f txt x x hixt the 11H says fild f la f

Then weget fix f 2 f a f α 0

Using theEuclidean Algorithm we write

fix x 2 fix trix

with rix to a Irix to and dig rex deg x a N



We take derivative of on both sides

f x N x x fix x 2 flix trix
1 21 n

g
m

We proceedby induction on N
BaseCase Net is the statement of Lemma

Inductive Step Evaluating bothsides of at x α weget

f α ON f x r α

So 5127 0

Taking thederivative of yields fix 1 2 fix r x

If rix o then dig r'ix dig rix 1 N 1

By 11H appliedto t f α f a f n a to 1 21 lf
E la f 4,2

Thus fix X 2 hix for some hix EK

Comparingthis with we get 1 2 I r
This cannot happen if r to since degr N 1 but N I r from 1 2 r

Thus r 0 so rek

Since rix 0 we conclude rix O so x x I fix m KEX

Definition Let f E Kfx EK with 61 1 0 We say themultiplicityof

as a rootof fix is N if flat f at f to but f to

Equivalently x 2 I fix in Kex but 1 2 fix in KEX

Corollary Assume K is a field and fix EKEX If fix has in distinct wo

ink then ms degree f

Sidenote We actually proved and use this result in theproof of Theorem 1 525.2 to

include that Autap Ypg p is cyclic for p z prime



Example Let fix txt E 2 x Then α canonly be on 1

Glotel fill 3 modz so LEE 121 0 Thus fix cannotbe

written as a product of two linear factors in hence fix is irreducible to

degree reasons

556.2 The ring K x1 Xn for ns

Fix K a field and let R Kex xn bethe ringof polynomials in n variables

with coefficients from K
Let us quirkly review the proof of Hilbert Basis Theorem which implies that R is

Noetherian lie everyideal in R is finitely generated

R kexim.int
Yalethisvariable a hr now

R ACU

ideal ms Take LII A ideal in A generated by the leadingcoefficients
of thosePlus EI Acu

Step1 We use the factthat A is Noetheriantoget 191 ae LCII inA

Pilk pilal pala E ACU so that Leading coefficient of Pjin a

Usingthe division algorithm modulo P tus Parul thedegree of any qty Acu can

bebrought downto be strictly less than
mqx dig pj.lu

D

Step Pick generators of ICD phase I deg Ipla D

finitely many

Note 111 Bywriting a Xn we made a choice Xn is better than x Xn net
democratic

2 Step2 is not as algorithmic as step 1

Grabner basis will allow us to solve these issues



55.6.3 Monomials orderings andrelated notions

Definition A monomial is a polynomial withonly one term

Example X x2 Kex Xz

We can write a polynomial in KEX Xn as a finite sum of monomials

Example A typical polynomial in Kex x is of the form
Ffgcue

Wewilluse a convenient short hand notation

to denote X1 Xn

I 4 In to demote exponents 121 αnE 2 0

IF x to demote a typicalmonomial

92 to denote atypical polynomial in Kexi Xn

412,07
finitesum

Definition A monomial order is a total order on the set of monomials31
st xᵗ x xʰᵗʰ 11ᵗʰ 1E 230

C is a well ordering every non empty subset of monomials has asmallestelement

556.4 Leadingterms

Let us assume we fixed a monomialorder for monomials in K x1 Xn

Definition Given fix Σ cis E E Kex 31301 wedefine the leading
Emite

term of f wrts as LT f Can where to is suchthat

117 4201 to and 121 12 to to

Convention LT 07 0

Note Since is a total order LT f is welldefined andconsists of a

single monomial


