
 
Lecture V11 Towards Grabner bases I

57.1 Setup and Notation

Recall Last time we started studying thepolynomialring R K x1 _in with

Notations It x x typical monomial 2 121,22 2n 25
fixes Xn E R or just f to simplifynotation hasthe form

E a
MonomialOrder a total ordering on thesetof monomials 311 1 21 1or 2

suchthat ᵗ 11ᵗʰ 11ᵗʰ LEZI
is a wellordering 1 so i c E 21 49

LeadingTerms Once a choiceof monomialorder has beenmade wedefine

1 12 1a where ae to

121 0

Convention LT 0 0

Lemma I 1 1 2301 394
Proof It is enoughto show ICX i

Indeed if i st 17 Xi Then it xis xi so xi xp andby
induction on K o x Xi This implies 3 ko has no smallest

element

Now given I I we have by induction mk I CX the

Thus given 2s we have i

Then writing 1 x xis's where α o iff j it _is we

get taxi is if'd xp Xi is x s a xp is xis

Continuing in this way 1 induction ms given IC as we wanted

Remark Mon isture Is multiplicativetotal aders text V2 c is a well order



551.2Mainexamples of mononal orderings

Dictionaryorder or lexicographic order Flex

We fix an arbitrary ordering on variables andthen decide which monomial is

bigger according to the following rule the same oneused to look up words in a

dictionary

I in xp xp iff k t in such that
α B1 2n Bk and 2kt But

Here we fix theorder Xc Xn

Example n 3 x2 xi xd iff life kz use
For instance x2x's xix x

Check ex is a term order use is e

Note Theyare n possible seex determined by the orderingofthevariables

Graded lex order plex
Let BE 2,5 We say It peex if

121 si 131 si n 121 111 and I see
In short IT First we order monomials by totaldegree

4 Then if the total degree is the same we break the tiewith ex
Examples n 3 17 22 s

Xixix pay XP x but xp I say xix

X X2 3 guy Xcx both havedegree x XsXs SeexX X2X

1 gelex 2 glex 3

Check green is a term order use is e

Note Theyare n possible glex since there are u possible seex



Graded Reverse Lex order
greolex

Let 1 E 25,5 We say It gurley if

121 11 a 1121 111 and the rightmost nonzeroentry of 162 is
negative

In short In First we order firstby total degree
12 Webreak ties by reverse lexicographic

Thecondition i ensures the well order

Examples n 3

s gave Xx 1 12 111 9

X X2 Xs gave 25 1 21 11 8 11.5.21 9 1,37 1 3,9 47
Observation X greater greater greater

Check parlex is a term order use is e

57.3 leadingterms

Definition Given I Kfx Xn an ideal we define the leading ideal of Ias

LT I ideal in Kfx Xin generated by LT f LEI

Remark Since Kexi Xn is Noetherian weknow T I is finitely generate
In addition we can pick a finite set among the infinitelymany generators of

TIF FEI by Lemma 552.1

57.4 Definition of Gribnerbases

Definition A finite setof generators of I say g gm is called a Grabner

basis of I with respect to a monomial orders on K x in if

LT I LTIS LT Sm

Remark It is clear that we can find 35 Smt I with

LT It t Sit LT 8m

Why can we ensure 381 Sme generated I Wewill indeed show that this



istuce Moreprecise we will prose

Proposition Assume I R Kex Xn is a non zero ideal and 3g Sm I

satisfy LTCII 1 Tigh Tism Then 51 Sm is a Gribnerbasis of

Wewill provethis statement by developing a division algorithm

Remarks 117 The definition of a G B depends verycrucially onthemonomialordenchosen

12 The existence of a G B is a priorinotobvious We will prove it bycombining Hilbert's
Basis Theorem togetherwith an analog of the division algorithm has multivariate polynomial

that uses leadingTerms instead of degree hence it willdepend on the fixedmonomialorder

Thealgorithm is notveryefficient and some choices of are betterthanothers

3 We willnot need to compute LT I to show a list of polynomials is a GB forI

Cath We noticed that the following statement is FALSE

I fi _fr LT I LT f t LT fr
Grobnerbases will be a set of generators of I making this statementTrue It will

allow to incorporate concute algorithms to detectmembershipof a polynomial in I among
other things

Example Say n 2 am let us just write x y has our variables So R K x y

Let us also choose lexicographic order with y
fixy 3g xy t LT f x y
six y x y y 1 LT g x g

set I f g K x y We have LTII LT f LT S1 because

y yf xge I but T g x x y x y

Q Is 4 f g xtys a Grabner basis of I

A It's hard to decide this with our current knowledge since we don't knowwhat

IT I is lie we don't have a finite setof generators or a way to test membership
We will develop an algorithm for computing Grobnerbases that will decide if a



set of polynomials in I is a G B fr I without knowingLTIII Themethodwill

be similar than theme in the example A posteriori we can use a G B to

11 compute III

121 decide membership of a polynomial t in the ideal I

Both things will depend on a multivariate division algorithm whichwe will se

next time


