
 
Lecture LV 11 Towards Gribner bases I

Recall Notions discussed inLecture57

MonomialOrder a total ordering on thesetof monomials 311 1 21 1or 2

suchthat 11 It 11ᵗʰ 11ᵗʰ LEZI
121 is a wellordering 1 so i c E 21 49

Remark given 111 wehave 121 1C IE 2 31

Definition Given I Kfx Xn an ideal we define the leading ideal of Ias

LT I ideal in Kfx Xin generated by LT f LEI

Tif to f 921 it

Ee te with cato

Definition A finite setof generators of I say g gm is called a Grabner

basis of I with respect to a monomial orders on K x stu if

key we will nlg d s's s.it
sn

ictisii ictismil LTII1
Notation If LT Cax we write sext 20 1 lie includecoefficien

oftheleadingnunnuial

558.1 Multivariate Division Algorithm

FIXED DATA g gmEKExi Xn amonomialorder

INPUT FE K xis Xu

OUTPUT f gm EK Xi Xn

re Kex Xn
suchthat f f g t tfmgm.tn

where i No term in r is divisible by LTIS LT S2 LT 8m
121 LT fig LT f fish m

PROCEDURE

Start by setting q 7m i r o p f

Whilep.to



if LT p is divisible by LT 8 i forsome i legtest in order i t m

say Ip ailly for a Ekex Xn it willbe a monomial then

fi fit 9

P P aisi

else
r tip

p p LT p

emarks 1 Each step of thealgorithm doesnot producemonomials n p thatarelargerthat LT 4

121 At eachstep weonly add terms to_ that are notdivisibleby any TIS LT gm
These 2 observations ensure the output hasthedesired properties Furthermore we obtain an
extra condition on each fifi

Lemma The polynomials at eachstep of the proceduresatisfy

LT f LT PI and LTIF LT Gigi whenever figito
Examples met n z lexicographicwith Cy

393 3 29 g g xg LT ft x y LT g xy
L 8 3 29 ms a 3 so 9 3x 5 0

Prop 3xxy y LT p x y
LT 814 393 so f f LT f O Part x3y

f 3 g r 3 1 xy x3y

Example 2 m z n 2 lex order with y
xy tt g xyth ga 4th Lt f xy lttgil xy.lt gzl y
9 y

I

g 1471 132 1

82 1 1
xg ty ylxyt't
1 y
r y t yti

LT 8 12 5182 X2
f y g 1 82 2 f y 72 1 r 2



Proofof Correctness and Lemmia Byanstruction nomonomial of r is divisibleby anyLTIS
Thevariable p represents the intermediate dividend at eachstep With this notation
we show that

f f g t 7mgm Ptr 1 1and
LT f TIP i Tif T gigi it figito

after each iteration
This is clearlytrueat the first step 1 7 g m r o p f

111 If some LT gi derides TIP Write Tlp a Lt gi
f a sit Heitai sit tangent P aigit r becausetyphoid tYg
Now L p aillei LT p aigi LT p ELT f because

for each monomial in g wehave a X ailt gi TIP and the

inequality is strict if x LT gi

LT p aigi does notcontain themonomial TIP
LTI fitai si max LT fisi Tlaisi TIF

ELTIF LYIP LTIG
Fo j i Lt fig LT ft is known from thepreviousstep
Thisconfirms 1 1

121 If no LT gi divides TIPI then

f g t Em8m p tip r tip
Now LT p TIP TIP LTIGI

T Si T f Hi with fist to by the previousstep

Q Whydoes theprocedure terminate

indeed f ais will typically have moretermsthan f so we need to givea reason to ensure our while

loop is not infinite

Proofof Termination As we showed in the proof of correctness at each step ofthe
algorithm we get LT Pnw TIP when Pnew P 9185 depending

p TIP



on whether some LT8 TIP or not

Theis if the algorithm didn't terminate ie we never getp o then we would

reduce a strictly decreasingsequenceof monomials contradicting the well ordering property
f This cannothappen

58.2 Existence of Grabnerbasis

Our first result weakens therequirementfor a GB to being ageneratingset 1 it will be a
consequence

Proposition Assume I R Kex Xn is a non zero ideal and 3g Sm I

satisfy LTCII 1 Tigh Tism Then 51 Sm is a Gribnerbasis of

Proof We need to prove 151 8m I

Pick LE I use multivariate division algorithmto write

f Effisi to

where r o or rto no monomial in r is divisible byany LT gi fr i
As t.si Sme I we have r EI Then LT r E III
Claim LTITE Tig LT gm Fi st LT Si Ttr

58 Bydefinition we have LTV Et hilt Si for some hi hmer
New LT r andeach LT Sil are all monomials

So LT r mustbe a monomial on the RHS i and in some hi with
Tlr Tigi

This shows Tigi Ttr forsome i
As a consequence we musthave so I otherwise we get LT Si X Ttr Hi and

i with LT Sit TITI whichis impossible
Hence tf 18 Sm as we wanted to show

Theorem1 Gribnerbases exist

Proof Since LT It is an ideal of R which is Noetherian we know it is

finitely generated Furthermore by Lemma 51.3 we can find a finite generating set
for LT I among TIF FEI That is 81 smEI with



LT I T g T Sm By Proposition we include 811 smh is a
GB of I

Remark If we can show directly that LTIII is always finitelygenerated withoutinvoking
Hilbert'sBasisThrown theexistenceof Gribnerbasis would reprove Kex Xn is Netherian

The laterstatement is true and it is known asDillism'sLemma It can be prosed byusing
inductionon n

Themain application of GB is to providea concrete certificate for when a polymni
lies in a given ideal

Theorem 2 MembershipTest Let I C R kexis x be an ideal and let151 Sm
be a Gribner basis of I Then for every f ER there exist uniqueelements

E E I and r ER such that

111 f t t r

121 No monomial appearing in r is divisible by any LT sit for it m

8 usingthe multivariatedivision algorithmProof We write t

e

This confirms conditions 11 and121 are true Then weonlyneed to prove uniqueness

Assume t f t r It T r t FI f c I

Tlr T ELT I Tig LT gal by definition of GB

Theproofof theClaim in Proposition ensures Fi with LT sit LT r T

Since T r T is amonomial in either F or F it it is nm zero we set a contradiction

unless T T O Thus r T and so f FI

Corollary LEI 5 0

Meaning if we are given an ideal I as being generated by his he andasked to
checkwhether LEI n not

111 Replace this he by a Grabnerbasis of I say 81 8m



127 Usethe division algorithm to compute the remainders
1 0 FEI

to f I 1 This partwill be false if 481 Sml is net a GB


