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5.9.1 Summary

Let K be a field us and set R KExit Xn

It x X 1 14,22 a E12,01
f

22
1127 a typical polynomial in R

a monomialorder 1 ie totalrdum.hr x IE 2,5 st
ᵗ 14ᵗʰ 11ᵗʰ IE 25
is a well order I V2

Eg Seen with X 7 2 7 7 Xn

MultivariateDivision Algorithm

Fixeddata G 3811 Smt CR art

Input FER
Output f fm ER re R st h f f t 9mgmt r where

5 0 M rto no monomial of r is divisible byany LTIS
Vi T f LT fifi whenever fisito

Use LT g LT Sm to do thedivision

G 481 Sm is a Grabner basis of I Iwrt if andonly if
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Facts about GB

111 Every ideal has a Gribnerbasis

12 If 491 Smt is a GB of I then

FE I the remainder fromthedivisionalgorithm is 0

Q1Howto build a GB

Q How to test if a finite set is a GB without computing LT I

A Buchberger's Algorithm



559.2 Buchberger'sTheorem

Notation given G 81 8m ER we will wate 5 0 mod G it themultivariate

division algorithm outputs remainder 1 0

Given f ha R we let M be the monic least commonmultiple of LT I

and LT ta More precisely
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A M ximasaiis.it Tax44,3

If LT A them If 1121 coefficient of in f

Definition given f fz ER 304 the S polynomial between h andhe is

514,62 1g h 12 ha
NoteTheconstruction produces a polynomial that is either 0 or whose LT is M

Theorem Bathberger Let I 181 8m ER be an ideal Then

6 581 8m is a Grabnerbasis of I i j Sigigj O modG

Beforewediscussthe proof let us lookat an example

Example R K x y lexicographic orderwith y
I fi fz where f x y xy t

he x y2 y3_
weunderlinetheleadingteams

Go 54,12 M xPy
State If 1 It to g h the y x xty modG

4th 24 is not a GB by Buchberger's Thrown

Weneedto prove both implications ofButhberger's Criterion We will needthe following
technicalresult thatwill beused for
Lemma Assume fi hm KEX Xn are nonzeropolynomials with thesame Leading

monomial and pick a am EK s t h a f t t amton has LT 4 CLT fi

Then be bmEK st h Et bislfi i.fi



Proof Let E 25,0 and cis cm EK st titi Cix to

Write f Citi where Citk fi is manic with LT Li x1

Then he aicifi a c l ti fi lap a_ca ft f's
t la s t asset t am_Cm i f'm__f'm lancet tamim f'm

By construction S fin fi E fin titi fi n fi
Since h all fi _f have LTC X we must have a sit amcm to

because the
onlytime

Rast with a monomial is tailit tamim f'm Theis

writing bi Ʃ aici j z im we get h Et b Stfu if as we

wanted

Proof of Buchberger's Theorem

ki j S fi Sj EI So the MembershipTest ensures Sisi gi to mudG

To show G is a GB we must confirm LT I LTS LT gm

Pick any FE113.01Since I 1g gm we can find hi hm ER with

f higi
The presentation is notunique Choose one where max LT hisil higito is minimal

such choice exists because wellorders 2,5 Let thismonomialbe 11 since to

the max willnot be takenover an empty set

Byconstruction TIF

Ourgoal Show LT f 1 weget t kt Sit tight
Write A bi T hisi x

Upto relabeling we assume A 1 s

Wetreat 2 cases

CASE Assum LT f x

This means LT Eg LT hi si CX Is some C so no cancellation

of leadingterms Olicers In particular LT f Ef T hi ltlgilelltispr ghtl.fm



CASEZ Assume LT f α
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Then by construction themonomial must notbe present on the IRHSIof 1 This

means that it hasto be cancelled usingonly terms in the first summand In particular

it with Lithigiland LT hjgj agree with x2 upto a anstant

Write LT h a 1 where are K for ret is

Our objective isto write the first summand to be oftheform his with

LT his Cx This will say our choice of was notminimal leadingto a
contradiction and this widing CASE 2

Note LT s i and LT gr agree with upto a multiplicative constant

ByLemma559.2applied to a_ x get we can write thisterm as

Egrey ts Is b 51 3 in x sr I

claim S x r gr Effigy with LT fj gi x

Pf Write 5 to bethe tunic leastcommonmultiple of T So T Sr

Then x Bar Stern s S x t si because

xamirster.ms xamrlff.im É a

Eat Yuri it
is
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S x t x sr because mimic em LT LT x's

Bydefinition LT S sr i.gr so LT sign.gr x

Since S gr 8 o mod G by assumption we can find git is ER

such that slsri.gr Eiff g and LT f gj LT Sisys x
it fj gj o

Then 51 7 go gr En
Effie's

with Citi g ax tr
it If gj o

As a consequence of the claim and the IRHC of canbe rewritten as hisi
when LTI higi ex ti with hilgito Contradiction

Since wehave LT C E LT gil LT fmllHfFI 304 weget

IT I Tigh IT Sm LTIII

so equality holds as we wanted


