
 

Lecture Subgroups Normalsubgps quotients cyclicgroups

Recalli G e group a b EG ka SEG
I e mutual element

d Assoc a b c a b c ta b c C G

cis Neutral are era a Hae G unique

Ciii Immure ta EG 2b EG a b b a e unique

G G gps 4 G G gp homomorphism
means Ela b Ma r 4lb ms Keke

4 7 415
Niegrosifs thosegiven as symmetriesofastructure
A age Associativity is automatic

Structure a finite set X hi 4 nl for n 4 1
Symmetries bijections T X X
Group operation composition of two maps

x x x

Z Ti Zo T 3T usually we omit o

Ee En permutationson n tellers Die symmetriesofn gon
timples Tt freegroup on n letters 3 a auf
Ttm words in the alphabet e emptyword

concatenation t cancellations 2 z

Eg a a a a at a a a azalyi.az a z 9,92
see next recitation for more
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stub griefs Ggp
Eef A subset HCG is a sadgrief of G is

i EE H
Iii x y E H x y C H
iii X EH x C H
H in gp structure from G

Obs Cii ecia can be written together as x yet xy H

Notation H E G for subgroup

Lef A subgroup HCG is called nirmal if
t a EG BEH we have ab a C H

Notation H T G htriangle left in LaTeX

Obsi If G is abelian every subgroup Hof G is normal
Is the converse true m Seehuge9

Q Subgroups fwm gp homomorphisms 1 yes justas in
Linear Algebra

Def given 4 G G gp homomorphism

Ker Y x EG i 4k e Kernel of 4
Im 4 i 3 thx i x EG Image of4

Lemme c Ker 4 s G G Im 14K G

PY u Chaim Kerr s G

Need to check 3 properties
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LUD

i a b CKee f Mab Yea 4lb e e ee

a be Ker 14
id he ei Lecturer e C Ker Y

iii aeker Q f a 1 4195
centare

e aekery

Claim beker AEG a bae kerf
Indeed 4 a bag Y as 4lb Ha e r

e
2 Im 4 s G n exercise

Im 4 need not be normal

EI G 3 load adf.EE 3yGLalQ1lio.Ilbili 9 ft9llbDli 9 lIi E9lG1
n
4G ti

3 ularg

Homaps G G Set of group homomorphisms G G

GE Hom GE is an isomorphism if 79 CHm GIG
st 404 idg

464 idf
Def G G are yE groups write GIG

if 3 YE Hom G GD isomorphism

End G Hom GG is a monoid undercompositions

Aut G isomorphisms in Hrm GG is a group
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groups

GAIL given the G want to build

Consider the relation on G given by Xny if x g E H
equine x H yHLemma is an equivalence relation as sets

PY Symmetry Say x ng x YEH E'g g xEH
Hsubgp y x

Inflexed xn x x x e E H

Transitive x y y n z Io xn z

x z x g ly E E H H g H

Def GIHf set of equivalence
classes in G withShigeta

left costs modulo H h XH x EG

Simi ly right assets moduloH

setofequiv classes in G under
x n'y y x EH leguinHy H x

Q Do GH and or HK have any algebraic structure
A Only when H T G

Pepsi Assume HAG Then GH has a group induced

fromthe one on G Explicitly gilt gzH 9 KH
Eq I H GH g H

Thenaturalprojection of gaff
isan.FI Yfffthitfm



Pff Claims Lawof composition is well defined ie

I g ng Sisi Es g ga n gig's
Indeed Seng e Si 9i EH Wathshow I

Il 42 g I gz C H
Gig gig EH

G 925gigi gigi gig gi i 9,49295 g EH
IF ItC H

C H because H T G
Claim Law of composition on Ghg is associative

This is inherited from G
Theassertions EH eq GH

t
g H are

clear.DE
diepoufEi1Eating

uuufle t is abelian so everyN.czis normal
Q what does 24N look like

Tx N 21 Then F NEZ o s t
N n Z 3 O In I 2h 4

PM If N 3of then n or

Assume N 304 ht n smallestpositive
claim N n 2 integer in N

Indeed n Z E N because N is a subgroup
Asshe N I n Z then ntl 7 me N n Z

o L
Pick ke

o
s t ke z KH kn m Ceti n

o m n k e n Contradicts minimalityof n
En En
F N subgroup D

O



Ae 24N with lawof composition addition g
module

The abore examples are cyclic groups

Def A group G is cyclic if 7 ageG s t everyelement

of G is ofthe form gm for somewumEE that is

am
as Is if m o alsonotunique
in times

Etienne it mao

Name i g a generator for G not unique

Eg Ir Z I t it set ofgenerators of 2

Exercise Number of generators of 2 2 It n
Here 0T 3 LE 31 in 14 gcd fn ih

bgriefsgeneratedby anti
Lemma Fix H Hz subgroups of G Then

i H hHz is a subgroup ofG
E If H S G Hz T G then H hHz T G

Prof Easy works for arbitrary intersections
mo Def Gironaset X EG wedefine x c G

as the smallest subgroupof G containing the set
Neame x subgueygeneratedby

Qbs 0 Ye trivial subgp

similarly NC KS normal_subgueup_gemratbyX.esmallestnormalsubgp containing X

O
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Def G is finitely generated if I finite A CG with CA G

For cyclicgroups G L 3cgI for some g EG

se
2options 3 e g g is infinite

E is finite
Option G is isomorphic 6 Z

o u

g I n

Option Pick n smallest positive integer s t

gn E l e g g g In.si if Gt 3e3
claim gn e

Otherwise gnage for ocean g Leeseg g
t

Then n was not minimal Contr
Then G 3 e g g gut 24nz

g gn gm in is well def
cbasa.fi All cyclic groups are isomorphic to

2 or 2
2 for some n C25

infinite finite cyclic

These are exemplesd greup presentations generators rebus

Z C g C g l only obvious rules g qIgfEtlD
2 2 3 0,53 in L ghee usually

C g I g
n s

omitted

0



Ob 0281 has group presentation

Qs 3 E t j I EE e i2 jIk2 ijk E

Explicitly Write e L e 1

Thin Q 3 Ii Ii Ij Ik

How to read this from the presentation
in e i ie e i commute since ite

i
t I because I

2
1

i j k since ijk k ijtek e kik
Cayley table multiplication Table is

1 Cbs Qe is non abelian

ij k ji k

k f k

0h12 Subgroups of Qe are 31 14 C C j Ck

idea if you hear two symbols say I j then you
generate all of 98
i 3 II Ii etc



013 These subgroups are normal

34 It commutes with all elements

gci g L gig
g j mo j i j j il j the f j i C Ci

g k mo ki ki hi L h j l K i Eci

Others follow funthis because 1 iscentral commuteswith

and g Ci c g
I
g ai g

i
all otherelements

conclusion Qe is Notabelian all its subgroups arenormal
ma example of a Hamiltonian gp


