



































































































































Lectures Orderofagroup Basic Isomorphism Theorems

Lastime Defined subgroups HCG normat subgroups HSG
normal subgroups generatedby aset GHg l H EgEG
Left conts Be 3xH xEG x ny xYEH
Right HG Hx x c G xn y xg EH

Ik If H S G then is a gyp under gH gH gg H
G is sp him with Ker G H

Cyclic groups their classification
G infinite E Z
G finite 2 2
n LGl

Hamiltonian groups Example Quaternions Q8 via gens
relations

TODAL Discuss 3 Isomorphisms in group Theory

I.LY Fi IountingY
Def 1Gt ints in G is called the role of G

Eg 15inI n I 2 2 I n

If He G then G breaks into a disjointunionof left out
G g H AA choiceofrepresentativesofGH

A

In particular A is in bijectionwith GH Thisgives us our first
counting lemma

Assume G is finite Then I GI IH I 1 1

84 In each g 4g H gH is abijection
h gh

Corollary 1H divides1Gt






































































































































Remark GH is usually denoted by G H indexof HuiG
It is possible for both Get to be infinite yet G H en

Example 6 2
H gz infinite but LGH sa

Def If LG H so we say H is a finite subgroup

Any gEG generated a subgroup g So wedefine

If Theorder of g of G is the orderof Heeg
I f IHI nap then gn e H 3 i g g t.tknz

gl Te
Corollary Order g l 1Gt whenever G is finite

Def ExponentofG generator of k gk e tg EG A21
exp G 30

OBI If 1Gt so then exp G o l g
G
ee VgEG

ise is false G IT 2122 3 la az y azo I ti
with term by term multiplication hasexp G

Pdp exp G e I 6 34
z G is abelian Exercise

3 need notbe abelian
Ex Heisenbergsplits Hs Ilbo E lgb.eeyzKGlsllFs

B Mnl 9o2 Find all In m C2520 such that ifG is
a group with m generators exp G n then 16k

minimal
status knowncases Imig images

many

Stilton Gsl
see Wikipedia






































































































































sszfirstIsomoephismthwum.Thur
m.tl Let G G be Tvo groups and 4 G G be a group

homomorphism Write K Ker Y AG e H'e Im f CG
Then we have acommutatediagram i

it I ITigk 4cg

Here I natural projection 2 is a natural inclusion
Moreover 4 is an isomorphism

Preof Define Yi 4k G by 4cgK 41g
Claire Y is well defined g k geek 91g 4192

84g k Sak g jg.tk so 41gI g j Yigzj 4cg e

Theis Yes 4192 V

Chainz 4 is a group homomorphism

844Is k Sak 4cg g k 4cgga Yg 4154 415 K 4192k

claims 4 is injective
PY 4 gk e 4cg e gE k gK K

Claim4 4 4 with range restricted to H e Im 14
Bydefinition 4 is surjective injection so it is a bijection

Exercise Bijective grouphomomorphisms are isomorphismsWW1 p
The other two isomorphism theorems will followfun this one


















































































t I Eerie Ine I
s dIQhm
Ttm Let G be a group and N T G a normal subgpThen

i The assignment H HIN is a bijection between
subgroupsof
GantainingN

subgroupsofGIN

Ii Let H G be a subgroup containing N Then

It is normal if andonlyIf Hln is normal.in
Furthermore we hate Ghy Is GWYN SH SHIN

Ioofof Let it G GINbe the natural surjection pick tKG

Claim If NEH then I H 3 h N HEH C GIN

34 eqn identityofGIN EN E IT H V

K N kN h h N thHEH so law of compositionholds forIT H

LhN h N the H so I H is closedunder inverses D

For theconverse pick the GIN a subgroup let t't Thi LIF
Claire H G is a subgroup of G containing N ITCH tT

PH N I Heyn Ker T C Thi UI EyH
ByDef H 3g E G I g Ett want to show HCG
e EH is clear since ee NCH

9,192 EH I gigs Ilg Ilga c II IT tTI

se't 279
inaIn.egtIEtT sie

Finally i FIH tT bythe D



Proofof 7 Fix Asubgroup of G with NCH set it IlHj tyN

H S G ghg C H kgEG theH ghgIN EI AgEG
bHEH

NNN g N1 et tgCG the H tty GN
To finish assume N CH N T G H T G Thin

G hyµ
D o Iz

Y is ampositim ofgp homomorphisms so it is also a gphun

Y is surjective ampof surjections

K 1 4cg e c it Lg C HIN gNetyn

gN hN for some h g C hN E H
r

Now by 1stIsomorphism Thm Ghyryn
D

Asides frm the proofs of both file iii

Prop1 IIn any grouphomomorphism 4 G Gz if H SG is asubgp

then 4 H Gz is a subgroup

Inopz For any group homomorphism 4 G Gz NasGz
then 4 Na S G



84 Third IsomorphismThru

TI Let G be a group Hc G a'subgroup NAG Them

i HA N CH is a normal subgroup

H N 4 h x HEH XEN CG Then HN NH
HN is a subgroupofG
iii N c HN is a normal subgroup

4D HANN HNIN is an isomorphism

h HAN hN
G

cartoon encoding Ci Cia IV
HN NH

HCG runs 4 PNA G H N

HAN L

Iroofof i wantto show HAN AH Bideh EH A XE HAN
Then hxh EH because HCG

h h c HAN B
hxh EN NAG

P i We first show HN E NH Pid h x EHN HEH XEN

Claim h x e NH Pgh x hee h NH r

Proofof NH CHN is similar
EN TG

Claim HN is a subgroupof G
PY e e ee HN r

1h xD haXz hi hzhI Xhz X E H N
C N NAG

h x x ti E NH HN byclaim i fr all HEH XEN D



Ioofofk i N T G N HN CG N T HN

Ioof_ofk Consider the compositionofgroup tumourphisms
Y Toi

H HN HNINinclusion projection

o Y is a group hummorphism

Claims 4 is surjective
PH hxN kN fo HEH XEN 4th hxN

But HN ith
Chainz Ker 4 HAN

PH heker 4 4th E f identityof HNIN HEH
HEH HN N HE HAN

HEH
Then by First Isomorphism Thru weget Hyun HYN


