



































































































































Group ActivismSets

Sofar c Defined usefulterms from GroupTheory
Group subgroup subgroup generatedby a subset order exponent
Normal subgroup normal subgp
Left 1 Right costs GA Hb Quotient groups
Group homomorphisms 1 Isomorphisms Kernel Imageofgphour
Free group Generators relations Examples Fruela Sn Dn
e Main Results 3 Isomorphism Thus Classificationofcyclicgps

TO DAY groupsacting onsets

l group actions i

Dd Let Gbe any group and let Xbeaset.Albftla ofG.mX is aset

map G x X d X satisfying NotationG X
g x 1 2 g x g x

i e x X AXEX

H LgGz X g gz x V8 Sze G and X E X
For a Eightadins wereplace by fi't k g gz x g 92

XOG
If G B X then each gE G defines a set map

I Cg g X X
x gIt satisfies

I E e Id x
Ei 6 5,92 x 19,92 x g 192 X 6cg 6cg 6cg 0492

Liii 319T 061g 3Cgi'g Ece Idx byCis

be 3 G Aut X h f X X bijection is agphomomorphismSet
symmetric sp on X






































































































































Ehmke G Gln R f X 113 by
G x X 4 X matrix multiplication
A E 1 AI

want to highlight that for all A C Glen IR the resultingmap
112 A IR is not just a set bijection but it preservsthe

spaces cture Al x r t p vz LA ar t A Airy AdAER
Thus Gln R Aut Rn THEN

a Orbits.Itabilisers Fixed Points Fix G B X

Ff The orbit of an element E X is the following subset of X

G x g x t x C G EX

Ief Thestabilizer ofanelement E X is thefollowing subgroupofG

stabGlx f g EG f g x x E G

Obe Stabg
need not be a normal subgroup Exampleonpage5

Def The fixed point of an element g E G is thefollowing
subsetof X

XS I xeX I g x x E X

Example Dn Cs GL IR Aut N
s f I reflection about x axis

P Lasco
Sou0 rotation ofangle A 2In

snot as 0

This is a group homomorphism so it defines an actionDnfIR
Also on X 112431814 Du fixes 8 so we can ignore it






































































































































snore
4Let us compete the orbit of apt PEX

p i

t.fi

s

se f's
In particular ftp.ecp i eYpiH n

Dn p l p Pcp etp i Elp Sep se i iseYp
Z sp pcp e p

Claim IDn.pl 2h Sip Cf Ip Qp ye Ip

PH If Stp p for some r o n i wewore a repeatedelement
Cutt

If IDn pl s 2h then there is a repeated element.sc

vow x spikip or pilp h sme i j
k kBUT Slippy SPJ P e elp Pip by Sothe

only option is x spikcp p for some hi j
But spikeEhs enEs enk p p

s p p Jlp Contr

NII s p p fr sure r o in I means
B

Reflecting p about x axis rotation by
So p Re Ai Rel 2

Then A Ref s
B Ifn The

f P1B I
Cy so P R fanI IDn.pl n

Scp Q StabD p

Spilp p If 211Th try ziteis
up mm

Tyre ms Ipi P f p V j i yr
Grain Staban p S Ser e CST D






































































































































1540
Iwpositue Let G X
c For every xE X we have a set bijection

Glstabgc G x

e For dray Te G and xeX we have an isomorphism ofgroups
Cmj Stabque Stabg r conjugationby

lstabg.sc
g Ggt

Preof d Definefig x G G x Surjective bydefinition
g 1 g

But g X h X h g x h g CStabque
so thismap factors through 4stabgix

fG Gx
0

T is a bijection

stage
Elgstabo g x 8cg

E g E StabgLx g x x go x Tx

Tgi C StabGGx
Since Cmj is an automorphism of G it induces an ismoethism
between Stabque stab

G
Tx D

sss.Iugatiesofgroupade.ms
There are 3 properties ofgroup actives that areany useful in Diff'le

Ng GeometryRep inTheory Topology t orbifolds quotient spaces etc

1 Free we say a G actinn X.hu if g x g e
for simex

Equity StabgCk 3et Axe X
IfG isfinite then all orbits hear the same size IGI






























































































LSD
E Iie We sayd.G actinmxistnansitue ifttx.ge X
F SEG such that g x y
Equity G x X for all x c X only one orbit

3 Fateful Wesay aG.at sfaithhdifG AutsefX

is injective G is faithfully represented in AutsettX

Equally g x ex Ex EX g e

Obs Free Faithful but Faithful Free

Example Dn P R2 flop Faithful
Free X F orbitsofsize n DND

Transitine X thereare manyorbits

Sn P 11,2 n f Faithful V Sn Auth int
Frere X Sm fixes 14

Sn Stably Isn Transitive inducton n

G B GIH by g gilt gg'H Faithful
Free Exercise
Transitive

ss

mgLemrnasDef_ixyxlinXifhtgEGg.x
I

Claim This defines an equivalence relation

G XING equin classes orbits

EasyOebsuration X U Gox 1 1 2 I Gxd
2Egf f Eff

Here HEXis a choice of an element frm the G orbitlabeled by de



Red G stabgc G x Stabgex Stabglox
Prop

Corollary IGI I G x I IstabGxI HEX
µ 1 1 IEfabjxDlBoforbits average of fixed pts

Monprecisely 1 1 Gf fglXH
Prof Write F S g x C G xx I g X X GxX

G X

Claire IFI I 1 81 incidencearrests

SEG
PY sum our 1st component Eixg g x EF xEXT

claim IF I 11Stab I

84 Sum our 2nd component Fixe Cf x EF gCStabglxD

Combining the Evo claims x U G x
LEE

IF I
g
1 4 f lstabg.CH E I I lstabg.ly I

LEGH g ex
Istabdxall
y oxy

I lstabglxDHG.hnIGlGYlLEGXlG1
so seok't l I r

D



Sss Application
2560

Pep given any prime PEZ me wehave frfr m nwdp

Prof Induct on r

the group actions Take G 2 X 3 x xml
anysetwithinelements

E setof all p element subsets of G XX n let Pim

GP Gx X by 61g x long
so G P E by J 3 e i yep Klee Nea socepr
axioms for left action are satisfied C E r

Write E as a disjoint union of orbits
For each 0 EGLE orbit representative 8 apresented by SEEo
IG.SI 1Gt I 1Gt p so 16.81 1 r p Il G Solo

lstab.gl831

Conde I El of orbits with exactly oneelement welp
Let's counthow many such orbits we have 2 entry ofeach memberofthe
orbit is fixed
Orbits are 3 Is x SEG 319 xd i GEG HgXm SEG
m of them

We get frmm l El m mod p D

Obe This will be used in oneofthe Sylow Theorems


