



































































































































Lecture SylowTheorems
Lastweek Defined GOX via G Ants.tk gphourgp set

g 1 x g x
G x EX orbit FXEX HEXi Stabg c G stabilizer
XS EX fixed pt set tgEG i

Examples Sn 31 nE G G leftmult xl g
right xi sx.geDnc 112436074 conjugation xi gxgDiscussed counting lemmas

C IGI IStabqual I G Xl HxEG

G 1 1 ZIG xd I 1Gt
LEI LEI 1StabGlxn

Beside I I iz E 1 81 Gfiniti
i 1 JEG

Apple Pif Emfmodp
IGI Pk 1 1 1 61 modp where

p group XG NXT
i Sylow Theorems SEG

Fix p 0 prime write n p'm with Lm p1 1
Let G be a group of order n

Definition A subgroup PCG oforder prisaalledafylowpsubgpofGSglowtthuoems.LA Sylow p subgroups exi

Bl If HCG is ap group then there exists aSylowp subgroup
PSG with HEP
2 Any two Sylow p subgroupsBQcG are conjugal to eachother

ie F GEG with Q gPg
c Let up

numberof Sylow p subgroupsofGThen hp El modip
cignp Im






































































































































We will prove these theorems using group actions Analternativeproof
will be discussed in HW3

2Proofof SylowThem A

Let 8 9 Ya G subset i LY I p
G B Ee induced by leftmultiplication action GGG ie

Gilesg EG Y 3Yi yep E E m g Y g y og ypr E E

Chaim ThereexistsXEE whose orbit has cardinalitynotdivisibleby p
84By theCounting Emma 1 I E l E I G X I

LEGIE
By Application IF I frfr m modp
But m 0 modp se p t I G xd for some X D

Let H StabglX CG Then IG X I 1Gt to mod p
lHxl

So f l Axl
To finish choose x EX and define4 Hx X Catmap

y U

The map 4 is injected since g c eh
I

gud
TEthisher

111 1 E 1 1 p
Thus IH l p and hence Hx is a Sylow p subgroupofGD

ss_3iPoofofIylowThurem
JCBDLetHcGh.ea p subgroup of G so 1H p

k with her
Let be a Sylow p subgroup of G which exists byThem A
we consider the action of H or X G.IQ h GQ g Q






































By Application I XHE 1 1 modp As 1 1 m 0 modp

then X t 0 so I gQE X that is hgQ gQ FHEH
We conclude g h g E Q the H so HE gQ'g

Take P gQg Since IgQg I IQI p r then P is a

Sylow p subgroup ofG HEP

IB2 To prove B2 we take H P and Q any p Sylow subgroup
Bg Bi we canfind gEG with P E gQg
But since IP p I gQg l then P gQg so Q P
one conjugate to each other D

µ practice
Obs The proof of SylowThru A is not anstructure buttheproofof
SylowThem yields a potential algorithm Start with an element x

of order pk fr sme k o e set Hex Then trytoadd
elements to it again oforder a powerofp to extend It to a Sylow

p subgroupof G
9 Proof of SylowThm Cc

Let S betheset of all Sylow p subgroupsof G
By Them A f f 0 By definition I Ll np

ByThem B we know that G P L by conjugation is transitive
K Q KQ x 1

Consider P E L restrictthe action to P P L
I

claim L 3P



By Application I LPl E I Il modp ThusClaim yields

np L L I E I LM I modp
ProofofClaim Fix QE LP ie Q is a Sylow p subgroupof G with
xQx Q FX EP

Define Ng 3gEG GQg Q s G normalizerof9 in G
Stab

g Q underactionbyconjugation

ThenQ Pc Ng INaI I 161 p'm so P Q areTvo

Sylow p subgroups ofNg
By Ba P 49 an conjugate in Ng se f XENg with
x Q x P But Q x Q since KeNg
We conclude P Q B

It remains to show that up In To do so we consider GPL
by conjugation 1 This action is transitingby BZ Choose PE L
Use Counting Lemma 1

up If I I G PI
a pT p1

Since P NpcG I Npl p'm for some m Im
Then up my so np I m D

x_

Fix Is 2
2 be the field with S elements

G Gtz Is 3 invertible 2 2 matriceswith entriesfrom Es
i IG1 980



L SDPH choices fr 1stcolumn IFI 318111 25 1 24
choices b 2 column IFF i hd 1stcolumn 1 25 5 20

C Is
480 24 20 D

Since 980 25.35 then we have Sylow p subgroups fr p 2,35
A Sylowssubgroup P f fpc x C Es Clo't

Hilltop ft is o P.lt cJ l'oYIeP
s E l fmods ns l 253
ng 2h35 2kt2J'd E fDJ2ktJ E 1 models

j 0,1 k D 5

If j o then k 0,4 so us I or 16

If j i they k 1,5 so no 6 or 96

Another Sylow subgroup P 3 9 KEEN sons
Selig

UseThem Btn conjugate the generator ofP

add It ill.EE KI Id Haa

aids fad ac be abt tba
c d E ed be ad tac

at at ac
ad bc ac

B

All Sylow S subgroups of G one C B

If ad be I then B if I Iac so 24 options

If ad be 3 B 1 sac 3a2 so 24 options
3CZ I 139C

O



Wedon't needto consider dit A I Tecouse I has a square wot

modulo 5 DA fi da l A Cd A e ditda d delA
So at most 98 generators B we get ng E 98
Only options left 6 or 16 Start with detail

ca od aMayEtfosingmPp B I II Eac TEY

Next we compile the remaining combinations 3 B B B

ai
i l d I L Kid kid

mum

a list lid 1911 lil
I I l line III

u ti ol H Ii's I L rotate
TB

1 12 1531 I D't D 1 1 i D

HI IE 3 list I 531.1451 13
Kid's leg Lill's 1331.1141 III
Hotel il K ol toEl 1 1 4 1
I f I D 1911 I Hi 19 3 I b

o



7 134 3613 143 scars es

4G II msn.cl 11,1

we reporttheamputation with tats 2
neo any a to girls P B f342319 0 any e fo p

Next we comfute the remaining combinations 3 B B B

a
c I 2

i 13131 lo l I 1Zayn 3mL 3mg

23.1.04l't l l2mL 3mL 2nd Inn
Z 2 3 2 4 2 O Z

s Ind teal l I KI
4 3 2 3 O 3 33

II I Is I k
13914 die 1 144 s E't.EE
1 5 14 s E'Eadie I Ii arm m

1 5 1 Eadie 1344911 slain He
1 5 1 3 17.5 1 5 1241 KEESEE
GE i ng 6

O



1780
A sytow3 uhgrouf.PE It need an order mattox

Nz F1 mod3 Nz 255
At'scompanionmattoxof

s
2h55 fDktJ mod z so

htjfstefen.tt ePltilt il

tH.j0,1 h 0 5

So ng I 4 16 6 40 160 us
a o z g w z s 3 1,4 6 16,60 or160

j o j
AnotherSylow 3 subgroup of G is PE CC I son I

Use Them 132 conjugate P'to get the full list Exercise

A Sylowesulvey 17 111 1 no dudeuyMzEtI
Check it's a group

l I 1 e Pr list II u

Lao 1 11 41 inter little r

uz El mode he 15 n na 1,3 5 15

21114821 Kia ai.sc aIIHdcfia1
1 d nd disc abldz di
ad be cdld da lead disc

at fish na L I
Ella b'S Kiat t.s.la'd the this

ayy I 9 actuzbd aye bye
te c triad a 9CMzbd

This calculation will help compile nz at least it willshow It


