
 

Lecture SylowTheorems II
Last DiscussedSylowThus
Fix p 0 prime write n p'm with Lm p1 1
Let G be a group of order n

Definition A subgroup PCG oforder priscalledafytowpsubgpof.GSglowthurems A Sylow p subgroups exi

Bl If HCG is ap group then there exists aSylowp subgroup
PCG with HEP
2 Anytwo Sylow p subgroupsBQcG are conjugal to eachother

ie F GEG with Q gPg
c Let up numberof Sylow p subgroupsofGThen hp El modip

cignp Im
Obst A can be strengthen6 arbitrary powers ofp seeHW3

TA There exists subgroups H of G with IHI p forall i o r

Obe original proof ofSylow Iwent through permutations matrices p
seeHW3 AitsettG

step Gas Sn GLnlFp
g 1 2 Lg 1 ifour

r Rr Lo else
Steph GLnlFp has a Sylow p group f j Y dijETtp ie ie j en

Here IGL.nl nH pnhItM where IpD l

Lasttime n z p 5

Obs3 Can count up for Glu Ig for anyfinitefieldEffcharp f Pk
beeHWD

up ft't g't't i n g f factorial
number

Last Time n z f p s wegot Ms 6 1 Stl 2



Appli Classifying simplegroups

SylowTheorems are often used forclassification of finitegroups
In particular they can help us find me nontrivial propernormalsubgp
If so et H T G ma GA is group of smallerorder

Definition A group G is simple if ithas menontrivial proper
normal subgroup

i Assume G has a unique Sylow p subgroup P PIG
G is not apgp Then Ps E

Paget By
Thom IBD gPg is also a Sylow p subgroupFgEG

na ng ti we conclude gPg P HgEG so PA G p

Inopontini There are no simple groups oforder28

Pff 1Gt 28 23 Igf
mod7 7 1

Think 4
By the Lemma the Sylow I subgroup P of G is normal

proper a untrimal So G is notsimple

Iwpon 2 There are no simple groups of order 224

PY l G l 224 257 nz I mod2
Think nel r

na 17

EASEL nz L Then by the Lemmon Sylow 2 subgroup PJ G
Bute P P G so G is notsimple

CASTER nz 7 so I SylzG 1 7

By Thun S2 G Syl G by conjugation



Thus wehave a group homomorphism

4 G AutsetsyldG Sy
sizes 224 71 5040

Chaim 4 is notinjectise
PH If so G E Imf SS so 224 5040 Guth

2 X 5040Claim 4 is not trivial
Pf Ker 4 G means G B SyldG is a trivial action
but we know it's transitive ISyl Gl ti Conti

Cine Ker 4 a G Ker t e G so G isnotsimple
D

The least usual trick is to ornamentwhen some np 1

Iwps i There are no simple groups of order 56

P.fr IGl 56 237 n El mod2
Think h 1.8 7 178

EASEL n Then G is not single PE Syl G works

EASEL n 8 Write Syl G 3P Psf
Each Pi has 7 elements

PinPj 3EE if it j any icePinPj x e will generate

Pi has G D 8 98 elements oforder
bothPi Pj

Then H G Pi U3eE has 56 48 8 elements

Claim It is a Sylow 2 subgroup of G so nz i G isnotsimple

If Q C Sylar G then Q h Pi 3EE Ladues are coprime
so Q E H but 191 1111 8 so Q eH D

One example featuring all tricks in HW3
If IG1 60 223.5 G is single their h 5 6 n3 10 42 5



I

is Classification of groupsoforderp2i
Lemmon If It see is a pgroup then its advt ELH is nontrivial

HPf Consider HGH by conjugation then IH I E l H1 0Gurlp
HH 3 xEH hXh t X the H ZlH plTECHY b

Obese 2LH T H is a normal abeliansubgroup

We can prove that groupsof order p2 are abelian we canclassify them

Prepositive If 1.61 p thenG is abelian Furthermore

84 By our Lemma IZ I orp2 In the latter case G 714
G is abelian In theformer case 1 I p so 4pzG G
is cyclic But HWI Problem18 implies G is abelian so I HP
To finish we showthe classification of G Gutt

Casey 2 gEG of orderp Then G Cg E Ypg
CALEZ Every non identity elementhasorder p Weclaim

G E 2 x coordinatewiseinultiplication

Pick any J EG YeE e any 6 EG KD Then i
ar 2qz see

z
Chick r b G because ps K T G I f lGI p

T I 37 T G because G is abelian
Cr no 3et Otherwise 3 hell p 4 with

Gk ECT But o Gk p because Kip 7 so

3h L 6 e C r Contradiction



Gk G e so x 56 I Hpe 9pz
The ok ze

this isgp homomorphism sarjectiseby D

01st Proposition fails for 1Gt p leg G Q or Dg

Obst uses that Gis abelian But we can getby with less

yWeonly need D C 67 to mutually commute
4Weneed only oneofthemto benormal
These Iwo conditions will leadto semidirectproducts nexttime

Appli Classify groups of order95

Fix G a finite group with 161 95 3 5

Then n z PEG IP1 9 nz El 13 ing Is n 4

ng 3Q s G i 191 54 us 7 s us 19 NEI
Cenci In a group with 95 elements there is

a unique subgroup P of age 9 P T G
Q of sizes Q T G

Otsu If H P Q EG then 97 1,1 titties
so H G

If gEPnQ ord g l IPI 9
ord g Ig Is all I so g e

Grain G L P Q P Q AG PnQ 3EE

By HWI Problem16 P commuteswith Q ie ab ba taek beef
Pf a b e P h Q 3EE w a b commute



GE G f pg pep qeQ with group operation

pg p g pp'qq Cfp pig because 1,9 are mutually
Ep EQ commutingsubgps

Note Px Q G is group homomorphism

P 77 1 pot IPX91 161 so iso

By Proposition Pe Hz or 254 342 Q
z

so we understand G completely G e P X Q


