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HsG N T G 2 H Autgp N sphour

G NH f HN G N XH as aset with groupoperation
HAN 3EE Y h Lnaha In 21h na hha
us G N XH o G N X H

L H Ant N
h vs Lg hgh

N TG H G grouphun
n Lu et h Cenh injectise

Last characterization using short exact sequences

Short ExactSequences
Ryall 1stIsomorphismTheorem Y G G gphim then PEG
This statement is oftenwritten as

Thrower We base an exact sequence Lsudefinition below

I Ker 141 G Is G Il
where 4 3 it is the trivial group

i Ker Y G is the natural inclusion
11 Ker Y i e g
G 11 g n kgEG

Definition A sequence of group homomorphisms

G 43 Gz G3
is said to be exact or exact at Gz if Im4 KerVI
0 Ker I 9 Gz bat in general In 4 is not unlessGa is abelian
so this is a strong audition to impose



Examples I G G is exact it is injective
G E G It is exact 4 is surjective

If An exact sequence oftheform
11 G 4 Ga I G It

is usually referredto as a s sequence tses It signifies that

Ci G can beviewed as a normalsubgroup of Gz becauseG I IIItuff44 GyIny y IF Gg is an iso TG

Ee 1st IsomorphismTheorem

G 4 G sphim run K Ker4 G 4 Im 4 I
211 id 211id I f

Il KerY G Ghee y
4

Obs These 2 short exactsequences arecalled equivalent vertical notesshould be isos
The exact sequence 4 G 4 Gz Es G It also signifies

that we can build Gz outof G G More precisely Gz is an
extension of Gz by G
2t amfles

Ext Abelian care write trivialgpas 0

O Z Z 2
2

o is a s e s
K
m 1 7 Sm

EI Det GL LIC Q 30E groupunder usual
multiplicationA l Det A

is a surjective group homomorphism CBI A

Ker det 2 2 matrices of determinant I SLI
I SL z Q Glace I is a s.es



EXI I Defining An alternating group
Fix TESn By Hwa L y It 3 is j i Tei Tej 1 Also

Ko m ofsimple transpontine usedtowrite T

Eg T 113 12 23 12 so l 4 3

444 crossings in general statement

Set sign S n Itis
T 1 sign r cyear SphomomorphismbyHwa

Proof by picture leggy lcr th G mode

Def Au ie Ker sign subgroup of eren permutations Aff

EL Az 3114 Az L 123 Ag L 123 12 3G

Laki inthe course we'll see An is simple for us 5
Au is not simple H 3 it 1121134 B 1241 He 23 E T Ay

11 An Su Stil 4 is as.es

3 Sections Retractions

Fix I G 4 Gz Gs o se s
r f r I's

Q Canwe use G A GIG to understand characterizeGz
gA Usually knowing N T G Gg does not characterize G

Ee Il C f Dg Duke 11
12 12

2 2 2 xy KP xss
22

12 12 sis xCj
I Hit Q Q 4

But By Qz ordera a nmcyclic



Cobe Answer will defend on extra propertiesof 4 and or I
Definition A ses is split if we have a section that is a gphome

s Gz Gzwith Io s idg s in injectin

efim n A ses is trivial ifwehave a retraction that is agphun
r Gz G with roll idG riastminiettifune

Obst Not every ses splits As 22 x z12
Ex 4 Hit Qs Q 4

onlyelements all elementshoseorder 2
oforder2 11 except IL

0 trivial split ses are different things
i signEx A As Ss 7,344 I

T i k
Ir sphun Is gphun

Claim Sf D iz satisfies signos idz y Y id 1
C1 112 1

ses suits
Chainz Hr S As gphim sit roi ida ses nontrivial

Why Set t rfijf.ie jyollij 3 but 01T l IA31 1521 3
so O G 1

But eray permutation in S3 is a productof transpositions so r must
be trivial onSs Imr 21 Az Conti since r is surjective D

A trivial ses always splits
Pff I A 4 s.BE C 4 A BCgps

r

F r
r B A roll id A

want to build a gp hun s C B with Eos Idc
We write Kerr C gp hmmureplusun



gp
Chainsi higher is injective

exactness

84 Pick b c Kerr with Filby ee so bekert Imf
so b ha for a EA
Then ea rcb a a

b Real ers
D

Claim Y is surjectivether r

TH gisen CEC pick bEB with I b c Thischoiceisnotunique
but if 4µg c then b's bKa frae A
Pick b b 40151 Note b'C Kerr because

C A
r b r b or 5 r b r b t egg

9A
Then F s C Ker r EB gp humurfbism
with Its Ic the ses splits D

split Trivial s.es will characterize Gz as G GG or G xGs
Proposition1 If the ses Il NIG H It is trivial then

N x H directproduct when NIG Has Gi
Prod Assume I r G N retraction Then Nxt

4 N is.mx HE H a YE
F n
Il it 2 2 11

It N 4 G Is H 4

to
Define Z G Nxt via Zig rig 4cg

Z is gp him since both r 44 are



Claim 2 is surjective

PYPick KEN HEH Choose gEG with Y g L 7 becauseYay
Take 5 g Mor1g 1 thx EG

1451 14g 414.4gy 494 149,404115D Yq h
et EN

eµrig rig r forfeit Ella rigyqgy.sc KEN
Fdn idn

so 95 x h eq D

Chainz 2 is injective

Pff If 21g ten en then Icg EH so geker e Imf
Then F x EN with 9 444 g flew eq
en r g Rolex k

It is easy to check all squares commute D

Proposition 2 If ases a NIG H a splits thenF s s

Ge N X H where N G SH G

PY Eon NgG H G

Claim SCH h 41N 3EE
Pidges H n 41N then g S h Yc x KEN HEH

Icg Fos h h
4041 c et

9 Sle eq

Claire NH 3 Puc Sch KEN HEH G
Pick eye G Yegg EH
Pick 5 soIggy It satisfies 4cg ICF so



F g C Kent Imf so 5 g Yue for some KEN
Then 9 5 4 solves Lucy so4cg 4444014g 504g

in
NTG EH
C N

By definition G YIN X SCH I N X H D

Example 4 An Sn 314 H splitsi

L2 y
so Sn An X Hz

Theorem If N G has index Tco then G E NX Za
G finite

PH NAG because 3 e N gN t for somegEIN
NIG 3 EN NgE

so gN Ng
Pick h EG N of order 2 l g'EN so gee or oCg7 k

so ogk 2 k 1

Then H Sh G
HAN 34 since HEIN G NAHINX
NH G because INGI 2

D


