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Red A group 5 is called simple if EE S are theonly normal
subgroups of 5

temples An n s are simple nextweek
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Ief A Empon ofa groupG is a finite sequence of subgroupsofG

Z G Go z G z 3 Gu leg
such that Gj A Gj is normal for all j o k t

The successive quotients gri G Gig o e i e k t

Other notation grf G if E is not clear fwm context

Defee A composition series E is said to refine E orbe finerthan E
if E is obtained fun E by omitting some terms
Moreprecisely El G Go 2 ZG'm 3EE

E i G Go 2 3 Q n 3eE
Z is finer than E if nem and there exists an order preserving

injectire map OI so n le 30 ME with Gj Gg j Hj
Eet Ei G 2
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I In general a series obtained from a composition series E by
omitting someTerms is not a composition series since fr j it I

Gj is not in general a normal subgroup of GE
se e isExt G Dg z c e s z as Z 34 s t s ee
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We can't onait CP's and basea composition series becauseCs XD
We can omit Ss and get a comp series
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Wehave a notion ofequivalenceofcomposition series

Fix El G Go 2 Z Gm 3et

Ea H Ho 2 z H n y eg
Two composition series

Eef We say E Ez are equivalent of
C men

Kil F TE Sn Autset110 in it such that gri G en H Ei



EI G Hz Z 2 2,2 set are equivalent Eid
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Theorem Schrier let E Ez be two composition series of a groupG
Then there existcomposition series E a E finerthan E Ez restederely
such that E a E z are equivalent
Interpretation any two composition series havea common refinement up to

equivalence
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Prof Write E G eHo z 3 Hn let

z G Ko Z Z Kp 3et
India For each 2 0 n l use Ez to insert f i many groups

p l
H'ij Ij in between Hi Hit
get E finer than E u l

Similarly use E to insert n i many subgroups Kj if between kidkin
get E's finer than Ez

Show E E's are equivalent

Define H's Hit i n k j
l Kii Kjt I Hink
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Itischarthat Hi o Hi H'ip Hit K j o Kj K j n Kg't
H is it H ii K j it s k j i t i j are subgroups by
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We need to check these subgroups are normal

Haim Ci H'i j S H's j K'j.it T k's i
Iii His Hii j
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To simplify notation write H His H'e Hit
K Kj S K Kjti

The claims will follow using Zassenhaus Lemma D

LemmalZassenhai Fix a group G H K Two subgroups of G
H TH K's k Then
i H1 HAN T H'tHnk Kil H't Hnk e K't Hnk
K HAK s K't Hnk H'tHnk K'tHNK

Prod The next picture outlines themain stepsoftheproof
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I i lo l
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H'nk k'nH

Steps Hnk KAH Hnk
This is true because

KH
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Cthk KAH e HAK Lau Hak s HAK KhH s Hnk



But stink khHS t gltlhklstgkhtbstefthk.lkhH7fngethK
so CHNK KAH SHAK

STEIL H CHAK A H Hnk
This followshim a mere general statement

Lemme If G is a group G sq NS G GzaG
then N.GG N G
PY Gin N Gz L G G N NGfg by 3rd Isomorphism Them

Think S un Sz Is n s.nu 9zn gi G ng kin gillsgas1 u gb
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Then the claim follows bytaking G H N H G HAK GEHAK

STEP 3 Usethe 3 Isomorphism Theorem

1,411 HI N H IHnk'tOG
lHAHAH Hnk A Hnk

claim HAK h H HAK H n k KAH

DY HAK KAH e Hnk n IH Hnk is clear

Comersely let k a b E H Hnk't AHAK with aCH BEHAK
Ink

a x b C Hnk HAK E HAK

a c H'nfHnk Hhk
Thus K ab C4th K HAK D

Swapping therolesof H K H ek combinedwith theClaim weget
k'lH HI er H4H
K't Hnk HAKI KAH H'IHnk't a



Alternative proofof theLemmon
Let IT G GIN be the natural projective GT FIG I

Restrict it to G to get it G GT hence GI I Gz
is a normal subgroup of GT because IT is surjective

Now consider the homomorphism definedby
G N G GIN
x G N GT

Then L t
Ez Gz N is the inverse image of a normal subgroup

hence normal


