
 

Lecture 12 Jordan Holder DerivedSeries

Lattin Discussed composition series

A Empon ofa groupG is a finite sequence of subgroupsofG
Z G Go z G z 3 Gu leg

such that Gj A Gj is normal for all j o k i

Graded pieces gri G Gig o e ie k t
1 it I

Refinement i add terms to thecomposition series while remaining me
Equivalence Samenumberof tennis

headed pieces countedwithmultiplicityupto permutation
Theorem Schrier Any two composition series of agroupG have a common

refinement up b equivalence

LemmalZassenhai Fix a groupG H K Two subgroupsof G
H TH K's k Then H k

I lth HAK K lKAHi H1 HAK T H'tHnk Ir L IrK IHn k s k Hnk H HAK't HAK k lkAtty

Iiis H.lt eHk kqHnk IP
H'tHnk H 14h14 KAH KH'myKitt5 K'THNK

Hhk KAH
TODAY Discuss maximally refined ampseries Jordan Hilderseries

Specialcompseries build out ofcommutators Derived series
ssi.Irdan Holdersere.es
Definition A composition series 2 G Go I G z Z Gn heE
is said to be a JordanHoldersei if i
C E is strictly decreasing ie Gj EG tj o in i



Iii There is no strictlydecreasingcompositionseriesdistinctfrom E and
finer than E

Iropositioni Acompositionseries E of G is Jordan Hilder 1oz JH forshort
it andonly if grilG is simple forall i o u l

Bennell 34 is notsimple G is simple if Hs G H set or G
Pref Note that a composition series is strictlydecreasing itandonly if noneof
its associated quotients is 3eE
Let E G Go Z G Z Z Gu 3e l be a strictly decreasing

composition series that is not JH Then thereexists a strictly decreasingseries
2 finerthan E Then wecan find i o n i where Git 7 Gi are not
consecutive in E That is thereexist intermmediary normalsubgroups

Git HisQ Hz f Hn I Gi
In particular Git T H since Git T Gi Git H CGi
Hence tyg is a nonTrivial normal subgroupof so SriCGI isnot
simple

Comusely assume E G Go 7 3 Gn 3eE is astrictly decreasing
composition series one of whose gradedpieces say Gigg is not single Bythe
second Isomorphism Theorem a proper nontrivial normal subgroupofGigg
is ofthe form tyg for some intermmediate normal subgroup

Git L H T G it Thus Gi ti F H F Git
Conclude I i G Go Z G Z z Gi z H Gi 7 ZGE teE
isfiner than 2 so E is not J H D

A general group G need Not posses a JH series

Ee Z Z 22 7 42 Z 82 Z z G 2h2 7 cannotTerminate



However every finite group G has a Jordan Holder By induction on IG1
Moreprecisely pick H maximal among allprofu normal subgroupsof G
recursively let Hnt be maximalamongpropernormalsubgroupsof Hu This
procedure must halt atmost 1Gtsteps later thus forming a JH series

Theorem Jordan Holder Two Jordan Helder seriesofa groupGareequivalent

Prof Let E Ez be too JH series of G By Schrier'sThur we can

refinethem to Ei Ez where E E's are equivalent
As E andEz is JH E and EL iseither identical to E CrispEd

or it is obtained from E resp Ez by repeating someterms As theseriesof
quotients of E EE differ only inthe order of the graded pieces after
removing all Trivial quotients the same isTrue for E Ez D

G 24oz Ei 2 2 Z 2 2 Z 34 JH
Ez 2 2 I 2 2 ZseE TH

jaded pieces gift G Zzz h G
NE G 2432 fro G

Corollary Let G be a group that admits a JH series If E is anystrictly
decreasing compositionseriesof G then thereex if aJH series refining E

Sue proef Let Eo be a J H seriesof G By Schrier'sThem we
can find Ej E Two equivalentcomposition series refining Eo E resp
The proofof JH Thurem ensures that Ed is JH so E is alsoJH
Example G guy k i gradedpieces forJH Hz

Cg simple orderIpk
E G Go 29 24Pa a op They Z 3

Egg
2 26EH

is JH GP cgp



S s

Examtle2 G 2
z How to build a JH series for G

If n is prime G is single 0 G Z 3EE is JH

If n is notprime write n pi pear prime decomposition

G En Fi 4 2Fa
Gina az

G Go FG 4 f GE ftp.z
Z ZG.iq ZGE3el

ampseries with guarded pieces p groups

we can refine each Gi
p p

2 Git
ae.ii.it

by lifting a JH series of iz l use Example 1
Piti

2Derived Series ofa group

Recall G G Cadets a beG commutator subgroupofG
a S

Definition Ginn A B s G we consider

A B Saba 5 aCA BE B

If A B T G then A B T G
Prod For all GE G aC A BE B

I CA EB
g aba b g gag g6g ga g Lgb g J gag gbg

C A CB E A B D

We will use commutators to define a composition series for G in a recursiveway



def 1
Gulley We define recursively

DMG G D G D ID G ID G MG
Then each D G is normal in G and D lGYgn yg

is abelian

byProblem 11 Hwi

ftp.ni The sequenceEG Do G z D G 2 is called the
derind seriesof G

Nwhen is 2 a compositionseries I Need D G 3eE for smew

efiniI.We say G is if thereexists no with DMG1 34
Remarks The term solvable originates from GaloisThury Math6112

D G SEE C G is trivial
D G 3eE G is abelian Chena all abeliangroupsare

solvable

Imposition If G is nm abelian simple then D G G forall n o

so G is not solvable

Pff D G fSef otherwise G would beabelian Dn G DIG GD G s G normal D G G Ineden
Example G D Don S e which is abelian

84 s e se s e s est e Z

Sei I spies i P spitsp is eJe f 2J
se se's seise's spi Cse's e pi i p is e Is

Cei ei e
PJ

Z
pJ e p Uj

i

So D G Dn Do G Ce z D G 3et Bnis solvable



By our earlier discussion we can find a JH seriesrefining the
derived series D
hot Dn C ep Dn see

pas ces

The answer ddpn parity 41

If misoddy f Ce Zaz
MF Dn Leff I 2 2

larder is z z single

h Dn s e e Enz notsingle if n is notprime

We refine sp z
z se To a IH series using Example2

If misery Sf E Zzz n zm

1nF Dn l 2nm 4 2 NflDn 2
2,9 56

Classification
of f ordergps 52 55

NflDn E Enz nu can be refined to JH series

We refine s e Z Cf by Cs f 3 zaps
E Cs I 2 simple

z
single

Refining Cf Zee using a JH for 24mg gins a JH

series fr Dzm


