
 

3 Solvable Nilpotent Groups

Recall Wedefined the derived series of a group G via
A B s a s ab a b aC A se B T G if A BAG
Do G G D G D G D G
tl Iferty i is abelian hence any subgroupofHH
H mtaining l H H is normal Conserly if AAH Hq
is abelian then H H EA

Solvable groups

griefs DN G 3eE fr sme N 30

Eguin i G Z D G Z D G z 7 DN G 3eE is

acomposition series for G DJ
j yggis

abelianHj

The groupof upper triangular invertiblematrices is solvable

Eg B 3 Ibd a d C E be a

DIB f f o f x cCl

FIB let

Pff Assume D B is as claimed then DLB EG abelian
D B hehe

We argue theclaim for BCB holds.byexplicitamputation
A load A 1 I

AA A la's aid Aoba LaoY doit Itai



adat lag b'off d b'daaba

adat aa odd aa lb'atbd b d ba
dd aa

f f Y x
p
Cb la d blat di

D LB f f loY x c E f e E abelian

Red Do G let G is kind
D G SEE G is abelian

Both examplesofsolvable
8ps

If G is nm abelian simple then D G G forall n o

so G is not solvable

Ex Do Sn An and Anis simple fr n o so Su is not
nmabelian

solvable fr n s

84 Assume Aa is simple for u 5 Then

Er 33 060 6 C An fs all r z D Sn a An
Since Su is not abelian D Sn f SEE
D Lsu T Sn D Sn T Au forces D Su Au

It
34

Is This will be used to show that quintic ahigherdegreepolynomials
cannot be solved by radicals like the quadratic polynomials index

i let G be a group and assume it has a ampsitim series

Ei G Go 2 G Z z GuiseE
where each gri G Gig is abelian Then G is solvable

Gita



Prof We will show DJ G E Gjtjby induction mj In particular
D G e l EE so DIG 3EE G is solvable

Baseline j o is clear since D G G Go
Inductisestop Assume DJ G C Gj Since Gj q

is

abelian then D Gj C Gj But D Gj D G
so D't G D DIGD E DIG c Gjti as we wanted D

Corollary G is solvable F amp series with abelian gradedpieces

Thurenz Let G be a p group Then there exists a auf suisfoG
G Go Z G Z Gz I 7 Gr SEE

with gnjlGJ Gjyqjn 2ypztti.to i i

Prof Big induction on k where IGI p
Base case the1 is clear since G

z
r I will do

Inductie Step Fix 2 Z G center of G Recall that
the unlit of a p group is aheays nontrivial

Pid K E Z set So order x p
S

S XP has

order p Set H C XP c 2 so H T G H 7
Now Gf I p by inductive hypothesis we can find a

composition series.fr

To 2 GT Z 3 GI 3etty
with

Tig er 2 for all i or r t

Now we use it G Gyp to define Gj Ej



By 2 Isomorphism Theorem Gj T Gj Fj Hs GjHj
Furthermore

GYg GO.tt
n
GIg

Gr Her z Go G
So G Go Z G Z 3 Gr H 2 Grt 3et is the

Imposition series we were after a

Grollary2 Etery p group is solvable

Pff Take the composition series fromThem2 use 2
2
is abelian pg

Peopsitimi Let G be a group NAG Then G is solvable
if and only if N GIN are

Equivalent I G Gz Gs I ses

Then Gz is solvable G Gs are solvable

ExamI G Dn N L S G 2
2 bothcagoh.AM

so Bn is solvable

Proof First assume G is solvable pick n o with BYG let

Them D N ED G 3e E N is solvable
clear by easy induction Diln EDTLG forall j

If IT G Gym is the natural projection then

I 1DIG EKG G E T G TCG D GIN
southern

DJ GINThus ILD IG Dl Gyp
So D IT Kl Sean so Gyn is solvable



Now assume N GIN are solvable ByTheorem1 wehave
composition series for N with abelian gradedpieces

E N No Z N Z 3 N n let Nn abelian ti o ik I

E GN GI zGT3 3 G s 3egg Ggg t j o is 1

Set IT G Gym Gj I Ej Vj.no is

So Gs N Go G Ggg e GIG abelian IN Gj Fj

Set Gst Ni fr iii k Then

E G Go z G Z 2 Gs N 3 Gst 3 3 Gs is 3et
is a ampseries for G with abelian gradedpieces ByThenI G is solvable B

Q What can we say about Jordan Holder series of finite solvablegps

Preposition Fix G a finite group Then the following are equivalent

C G is solvable

grj G is cyclic of purine rolesHj for some Jordon Holder
series E of G
3 grj G is cyclic of punie orderV j for ALI Jordon Holder
series E of G

Prof 3 K i is clear
1 3 Assume G is solvable pickany JordonHolderseries

E of G it exists because G is finite

Pick a amp series 5 ofG will abelian graded pieces itexistsbecause

G is solvable By Schrier's Then we con find refinementof E
Ez that are equivalent Call them E EI respectively

5 the deal of ther In al mfle



See the graded piecesof E are either trivial or simple
The graded pieces of EI au abelian 1since we are refining E

itsgraded pieces were abelian
By equivalence the graded pieces ofE are Trivial orsimple abeliane

s G 3 eE r
z

with p prime

Siu E was TH to begin with we conclude that gift G EHpiZ
where pi o is preine fr all I Thus 13 holds D

2 LowerCentral Series

We now define a new sequence involving a new commutate

Set c CG G
C G G Ch G t.us TG if CTG TG

By induction n n we see CLG s G th

Lemma CH G e C G so C G TC G

Pff ch't G L g x g x gCG K EC G KC G
But LG T G FEIG G

Sina CH G s G we conclude C T G TC G B

we build the sequence

G G C G Z C G 3 G 3

Definition G is nilpotent if 7 n i such that Cn G 3et
Equivalently he is a ampsittin series for G


