
 

Lecture Nilpotentgroups Simplicity of An fruss
Recall Last time we defined nilpotentgroups characterize solvablegps
Esi Nilpotentgroups
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Definition G is nilpotent if 7 n i such that Cn G 34
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GE i Dn is nilpotent it and only if n is a powerof2

Remarkis 8 satisfies thefollowing properties
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Guillory Nilpotent solvable
c G

D Solvable Nilpotent legDs is solvable butnotnilpotent

Nilpotent groups can be characterized by honing composition series
with special headed pieces as we did with solvable This is the
contentof the next theorem

Third G is nilpotent it and only if it has a composition series
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forces Gj

qj
to be abelian

Proofofthin Take Gj C G from lower centralseries

It's enough to check the following
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PY Byinduction on ji
Basecease j o C G G Go
Inductiestef F ix j o assume CJ I G E Gj 1
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Peposition

Subgroups and quotients ofnilpotent groups are nilpotent
Same proof as fr solvable groups see Lecture13

Gis nilpotent if andonly if there is a subgroup AC 2 G
with GIA nilpotent

Prod Weonly needto show Consider I G GIA
As G because AC 2 G pick u with C GIA 3eg

Claim the CG Ch Ga Hk

Prod.By induction in h
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D The best statement fails if A is not aiduded in ECG
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Gz is nilpotent



Exaehle Gz f of a d C Ex bed
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G Gggae nilpotent see HW5
Gz is solvable but not nilpotent

Gallery Every p group is nilpotent

Prod By induction in k 1 with 1Gt p
thou1 G

z
so abelian hencenilpotent

Iu tep
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We know 2 G fSEE so 2 G P
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i e se k
CA If G 2 G then G is abelian hence nilpotent
CA Its k then by inductive hypothesis 2 G is nilpotent

I g I p k s k so also nilpotent

By Proposition G is nilpotent D

In fact more is true the only nilpotent groups are direct products

of p groups The proofof this fact is ahomework exercise anddefends

on the following
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Prof Sina G is nilpotent the lower central series satisfies
G Go 2 G Z ZGn leE

with G Gj CGjti Gj JG Kj
CtwS If N N TG LG N CN z CN fr all HCG
wehave NoH T N H

Since G Gj C Gj CGj then Gj iHTGjH Vj
Weget G GoH z G H z 3 GnH H

Fix k to be the largestindex with 6kHz GentleH
Then H F Gutt and hence NgH S GkH H as we

wanted

a Simplicity of An.fr n 5

Recall An groupof inn permutations
It was defined as thekernel of the signmorphism Sn Heil

cyear
This map was unique defined by signKab I fat b

Example Az 3EE Ast 2432 5112317

Ay 1231 K 39

Fr n 3 Au is generated by 3 cycles
Obs iz 34 L2 l 3 I3 34 132 341

Prod Sina abc ab ke is then wewere that
C T Tisa 3 cycle 7 C An



To finish wemust showthatevery even permutation is a productof
3 cycles We do so by arguing TEA is a productof an
iron number of transpositions Wegroup them in parts analyze
the various options
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Lac ab abc
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Fr n s all 3 cycles in S n are conjugate to eachother
in An tie it T T are 3 cycles there exists 3 CAn with are o

Ioof Let la as as lb be bs Leto 3 cycles We know

that I OESn s t O la az as 8 lb k bs
Pick OES n with 8 ai bi Ar is i 2,3
If 8 is even there is nothing to prom If 0 is odd pick
C d 34 k b with Cfd theyexist because n 5

Then od t la aras 0 Cd bibbs
C An d 8 C An D

Thierry An is simple for n 5

Prof Pick Ks Au with k 3idf we will show that k Au

by finding a s cycle in it Lemmon2 will then imply
A C T r is a 3 cycle c K because KS Aun p
byLemmon1 X

Pick Tek se with X T 3 x eh ul rex x has
maximum cardinality



Claim T is a 3 cycle

84Write T as a product of disjointcycles F a az as I
Weanalyze 2 bases

CASEL Assume T has a cycle of length 33 in its decomposition

If T Ca azas we are due Otherwise we win find a gas with
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T az 93 f Az
It Tex X then XElSagar as ay as4 by construction so
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CASE 2 All cycles in Those length c 2

Write r ab cd wehere at least a transpositions
because K CA Tf id Pick k 39454 on because

n 5 Then Z c d k T 656 T e k
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Chick okay 6T G o ca 606 b 6847 3Lay a r



O b b by symmetry

Tca b 5lb a a b XT
Pickx K with F X Then x 39,5 c dik4 so
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