
 

Lecturers Basics onRingthury

affinitive
II A ring R is a um empty set togetherwith two operations
t i RxR R addition multiplication
and two distinct elements 0 I E R satisfying

R t O is an abelian group co neutralelement

R I is a multiplicate monoid with identity
element as closed under a but need not hare insures

for all elements in R
Multiplication is distribute our addition
a btc a b ta C

btc a b at c a ta b e in R

Notatin R 3 x c R such that x has a multiplicative
inverse ie x y y x 9 has a Sdn

11
U IR group of units of R

Obs If multiplicative inverses exist they are unique so

Toe write x 1 for the inverse of x c AIR
Obe o is here invertible o x O fl n U IR CRYOE
Obs O x o for all XER tDnx o.xtl X

l0ItXffgExamfe.ZQ R d Enz
DirectProduct Ih R Rz areTworings then

R XR 3 X y X E R yCRzE
becomes a ring with componentwise addition multiplication
three mile Mn n IR nxn matrices om R ysfualmaff.is



PolynomialRings our R
Ginn R ring variable Rex I oajxJ ajeRN3o
is a ring
ADIT iampmentwise degreeby degree

GET ag XT t Iho bux Ya bj xJ
where aj o for Ns js mex N M

bj o Maj E
MuthpliI.cnfoajxi lEob.ux7 eIEoNEg.faibe itxl

with the understanding that a i o ti M Kore o tu N

this rule is imposed by distributive property e definitionof
Inductively REX xn R ICXn

11 coefficientring
Emon as I I x 4x4 xin
finite degree Xd 121 2 t thu

2 Some important subtypes ofrings
Let R be a ring

Def R is said to be commutate if ab ba Ha be R
R is said to be a divisionring or skew field if RERYof
R is a field if it is a commutate division ring
R is an integral domain if R is commutative

Ha b i ab o a 0 or 6 0

In general if for a c Riotthere is b 70 ink with ab o

we say a is a zero divisor Integraldomain anmutatihet
no zerodivisors



Example Zzz is a commutative ring
If n is nota prime number say n n na the residue

classes of n nz in 2
2
are zero divisors

If n is prime then Fez is a field

Hz him i gcd m n 4J
Why Euclidean Algorithm gives am tbh 4 for some a b in2

so a m I Cmrusely ik am El mod n wehave

n1 am i so am i en k fr some k 2 am tutte 4

gcd m n dlm d l n dlamtnl K 4
so d It

ss3 su mgs Ideals
Fix R a ring

If A subring R of R is a subset R'CR containing on

that is closed under addition additiveinsuses multiplication ie

If a b C R then atb a b ab C RI
so RI is a ring with inherited Crimg structure

If i Let A 43 be a subgroup of the abelian group R t o

We say K is

atiltideal of R if fr ER ae od r.ae all

arightidual of R are a

an ideal of Rs if it is both a lift aright ideal
Example All subgroups of 12 2 it o are ideals



For Rex f Gigi sie Rex Cgi guy
is an ideal of Rex generated by g gu
AUpperTriangular 2 2 matrices11C go g b d CQ

d is not a it ideal
ti ti iz a

C A
d is not a right ideal
bi il 1,2374 a
c A

Lemme It 3Ajle jeg is a set of ideals ofarmy R then
so is gAj similar results hold fr leftor right ideals

84 Enough to check it's a group closedunder leftfright
multiplication byelements of R D

quotuntRings
Let R be a ring ACR be an ideal We consider the
set Rhq viewed as a quotientofgroups with inheritedgpstructure

we endow this set with a multiplication abelian

ata b t A abt A
Obs This is welldefined

d
If a toll a f A meaning La a C all so atx

b t A b A Lb b Eel so b bt y cee
a'b catxllbth tab

Y.gg aaahdgtunaeaea
so a'b ab E dl meaning a'b t A ab till aswewanted



Def RIA with t as defined abose is aring called
the guoleint_mnglrrerugJofRmodulok.aOrgy O t A Distributive Laws are valid becausethey

hiya It A reflect those in R

ss4 tl Yphisms

Def Let Ri Rz be To rings A map h R Rz is a

homomorphism ofrings if
t is a group dununurfhism

between LR t o Ruto ie

Gta tb tea 1 Hb Va b ER

f is a lummorphism of moroids between R I Ike D
ie 49,5 f ai f lb fell 1

NOTATION GE HomRings Risk
Ibs i f o 0 Gl L

Example RCR ideal 1T R Rya is ring him

let h R Rz be a ring homomorphism
Then till Ker f CR is an ideal

Iii Im f C Rz is a subring
Prof igxeol.rs'ER her t

o
hrs 0 0

Mxr fix Ek 0 fir 0

C Rz
9 41 C Ink Imu is closed undero tco C Im G it is a subgroup of Ratio



HEFT given h R Rz ring homomorphism

f Az CR is an ideal of R foresuydz.cl
daePfxekef tek Hrx first cdeaf rx xr

TER f Xr fix fer C Az GA
Faz

HR CRI Xy y x ta fixfly 4yjGug
R

D The image of an ideal need not be an ideal I need f to be
surjective

Exemple G Z Zag is a ring homomorphism
Yn all multiplesof n

f n is not an ideal because fu so Genies Mk

gives fkn NZ this set is notclosed under

multiplication by 1

5 Basic IsomorphismTheorems

fr homomorphismsi
Let LE HonringstR Rz and Asker f CR ideal

Then there exists a unique T Ryn Rz suchthat

R Is Rc Toit f
7

0If f Then T is injective
RYA Rya e Imb undert



SecondIso Thwumi Let R be a ring and ACR be an ideal
Set RT Rhq Then there is a l to i correspondence

I I7 g I t 47 is D
W U
A 1 A Amodel

IT A
under I R E

A is a subring At is asubring
A is an ideal A is an ideal In this situation

we get Rya e Rya as rings E Ria
via R Tz Egg

A Mee

ITI RYA 7

R
IA Isouf is the iso

Third Iso Theorem Let R be a ring SCR a subring
AcR be an ideal Then

Ci SAR is an ideal in 5

fit Stel is a subring of R containing ill A is an ideal
4 StdFurthermore StG g

as rings

S i Stel Stay h Doi
ee

E f 7 kerf Shell

Sy f Tinykerf Im I Stella


