



































































































































Lecture Algebra ofideals modules

Recall Last time wedefined rings left1right Two sided ideals
sabrings homomorphisms ofrings
R UCR multiplicative group ofinvertible elements forunitsofR

Fix a ring R Na R an ideal ie UCR subgroup wit
so that V rc R.ae ell i r a a r C all

Note AAR f 0 A R i calledthe unit ideal

Atgebfideals
et J R set of all ideals of R

given d if E L R define

At b at b i ee 06 be b

A f Ef ai bi where Nao is arbitrary as gaffe
Easy Ide Atb and de le areagain idealsof R
L R t lo is an additive monoid

L R i is a multiplicative monoid

E2 I generak_dbysets.Let R be a ring and a au ER

Def The leftideat generated by ai an is Ra t 1 Ran
a san

The rightideat is a R t tank
la c 19h R

The ideal generated by a an is Ra R t Rank
a au
































































More generally for any subset X CR the ideal generated byX
is X n ol

deEL IR
Xcel

similarly we have X r
A A µ A A
Ack Ack
rightideal leftidealXen XEN

Lecture15 These intersectionsalways give left1right Ito sidedideals

Definition An ideal ACR is said to be finitely generated if
7 a am C A sack that A ai au

An ideal el is principal if U a Rak forsomeAER
We say that R is a principalidual ring if every ideal UCR
is principal

M amfk Z is aprincipal ideal ring actually domain
PD Q is also a principal ideal domain PID

Ninette Z A 2 is not principal

Example Ideals in 2 2 By 2nd Iso Theorem
Ideals in 2

2 c ideals in 2 containing N
3 d d dividesN

The analogue of divisibility ofN by d is the containment
N e d

am.mg

Let fi R Rz be a homorphismofrings Az EI Ra
h R Rz Rhee Ker g f Az A

andhence Ryce RYUg



Let R be a ring We hone a natural ring homomorphism
4 Z R

M t m 9p I Rt t 1R fr m O

MTimesand 4 f n Yin fr n o

Ker Y C Z is an ideal Since 1k Op then Kerth
Thesis Ker M e N for some N 30 Nfl
If N o we say the characteristic of R is zero 21 is the

characteristic subring of R

If N o Enz R is the characteristic subring

Cbs If R is a domain then char R O or aprime number
because 2

2
cannot hare yeardivisors since R has mine

ss4tloduldefinitimsaxamfles.INwhat follows weset R an arbitraryring
A a commutate ring

Def Left and right modules omR
A left Cusp right module M resp N om R is an abelian

group M resp N together with a bilinear map
Rx M M I nsp N XR N

such that i m m resp n I n tfqbeR

D.m a lb m n ab n a b NEM
nEN

Bilinear means leniar oneach ampment
at b m i atb m a m t bam



9 mtm a Lm t m a m t a m

Note I a om a m a C m frm bilinearity
OR m On for all MEN

Remade A more economicalwayof defining left rightmodules omR
would be to have an abelian group M resp N and a ring home

R EhDgp M Insp ROP Ehdgg.IN
same as R as an abeliangp
a b inROP b a ink

where der M M Msp Rd N N

M 1 r M
n n r

Bs When the ring is commutative left right so we simply iuse theterm module

Exactly deck left ideal is a lift module 113
right right

Evey abelian group is a module our Z
n m lmttm_ fr n o r n m C n l m

n lemes fr n E O

An l 14 13 Wp N R is a left 1resp right module
ohh R

5 Homomorphisms ofmodules

Let M a Mz betwo left R modules An R linear map Corbett

R modulehomomorphism is a homomorphism ofabelian groups
f M Mz such that h r m r Gimy F re R m c M

Write te Hom
p
M Mz set of all R linear maps 17 Ma



Obe Hank M Mz has a structure of an abelian sp
G g E Hmp Ma Ma then ft g E Homg LM Hz

via ft g m fan tf cm I 8cm them g t f my
Mzat

We have theusual notions of submodules submodulesgeneratedbysets

quotient modules kernels images In particular we have the
3 isomorphismThurs lHW6

Eg h M M z m M f Mz
It if

a

ofmodule
Heer f f

Imf

Def Let I be a set and I Mi a set of ft R modules

i
Mi 3 Hi ie I fit iffy but finitelymerry ie I

is again a lift R module with componentwise operations

Xi Yi I Kit Yi
r xi ie l r Xi ieI

improperly
finna lift R module N and ti E Hmp Mi N ie
there exists a unique R lemon map
1 Mi N

ieI
Xi ie I 1 3 fixi finite sum bydefinitionof Mi

Mi f
qObs Mj Mi gins toYj Gj Mj N



Special case 14 a lift R module M MzCM submodules

Pep M M Mz itemly it M tMz M
M AMz 304

Prod As Mi M
au R lemon weget by the universal

Mz M
property M Mz M

M m2 1 metMz

Image of G submodule ofM generated by M Mz
Kernel of t 3 x x XEN AMz
Thus h is an isomorphism Itf M M Mz M AMz e 306

Exercise generalize to 3Mi 173 that is

Mi M is an isomorphism iff
LEI

1 M Mi submodule generated by Milici
27 Mi n E Mj o ti EI

j EI
j ti

2 Short exact sequences
Eef If M Ma Ms are three left R modules and M tMz Ms
are R linear maps we saythis sequence is ex at CatMz ih

Image of f Kernel of g

Def2 O M Is Mz 9 Ms O s.e.se
mas L injective g surjective

In f Ker Cg



efz A short exact sequence o M 4172417520
is trivial if we have an R Union isomorphism
M Mz Mz st

O M Is Mz G Mz O

Il O E f O Il
O M M Ms Mz O

Peopontimi A short exact sequence o M Mz 4750
is trivial if and only if 7 R linear s Mz Mz st

gos idly I 7 section

Prod Take j Ms M M as the usual inclusion

and define s Ms Mz as Yoj
Z M Mag Mz is R linear

4 g 1 Lix tsly
and it makes the diagram commute
Exuese Verify that 2 is an isomorphism

8 Direct Product




