
 

Lecture local rings nilpotentelements rings of fractions
An ideal M E R is max imal if theonlyideals of R containing

M au M R

1f
Fix R to bea commutative ring
Def R is a loudring if it has only onemaximal ideal
NE IR M where M is its uniquemaximal ideal

Examples Emg field is a local ring Melo

R Kc is local when IK is any field

Mxl idealsof R mrd idealsof 1kW containing xD
But 1143 isPIB so any M c 1kW maximal equals f for fellasirreducibleBut f x3 so f X This is maximal in Kai

M is the unique next idealof R

R IKE xD power sines in onevariable on 1K

Claim R is aring
Qperations Componentwise addition clique by degree

Elo aux
k t baeXk getbae x

Multiplication Ef auxk sext olE.oaubn.PH

CfWhy is R local
Claim Any GER with constant term 0 is intertitle
so any g e R is g Xna with a E R n o

CMI M x is the unique maximal ideal ofR



Proof of claim WLOG assume f Eaux's with 90 1
no

We build f turn by term Write g bnxh with hg
This gives hobo 1 us boil

a bo tao b O m b aa a

Q bo ta b ta o b z O n bz azbo a
90

In general assuming bo bn horsebeendetermined wehate

Go but 9 bn t t anbo 0 us but 9ibuaubo_
90We're computed bn D

Obe In our definitionof te on kex only finitely_mauy operative
in 1K were performed to getthe coefficient of X ma n is fixedn

Eg E 9hbuy 9at bn gone the X coeff of t
k O

The same idea will give us a ring structure on IRCx ringof
Laurent series I aj x's ajC K

t j s N N CEzo

Funexercise This definition of will not work for theabelian

Sp Kaxt xD f aj X's aj c IK HE 2

Because it it did t x x ti txt x't
1

o
compare coeff of Xu to get 1 0 D

Local rings can be characterized by their group ofunits

Pepsi R is local if only it thesetof all non unitsof R is
an ideal of R

Pfl set I R R Assume R is local withunique
maximal ideal M Since MER wehave MEI



hnsurely it x E RiR then ex is aproperideal we can

find a wind ideal of R containing x Sina R is local XEN
Thus R R EM E R.nR gins M R R so R R
is an ideal of M

If M RiR is an ideal then M is maximal

Any M will be a unit so if MEM is an ideal with
X E 0am we conclude A I R
Now if b is any proper ideal of R then be R RX so

b EM Thus M is the unique maximal ideal of R

Example R KCx q 3 ao ta I tax 90,9 one 1K
GLX

claim his a unit a Elk 309

Pff aota I tazX botb It bzI I

bo ai so aoto

3 Gob t also O b a 952

Aoba tea b ta 2bo O bz qj 9519219529,2

CMI R Rx x so it's an ideal Proposition Ris local

Excules Fix pe prime a set

R f g E P X b gcd.lab I usualnameZep

Claim R is a ring subring of Q
n f f E R
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biz pH bite e 9 bztEb
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g ER Is C R v

ft rafa gig ptbi.pl bz pxb.bz
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E R
fcdlg.biz
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Moreira R 3 g i 9 BE Eyo god qb i pXa Mbf
Rx IR p pR is an ideal Ris brat

2 Nilpotentelements

Fix any ammutatie ring R

Def An element ER is called nilpotent if I n I suckthat xIo
Let N set of all nilpotent elements of R

Lemmy it is an ideal of R called nilradical

Prod Pick a b e N Then I k l i stake ble o
at b

l htt ai b
kte j tete j
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II httilh.tl ai b
i
III htt eight
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So at b E W Cj k

O E N
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D This fails if R is noncommutative

Es E F 0,8 Then EEF's18

but EF f 8 is not nilpotent LEFT EF tu 1
So N is neither deft nor a right ideal of M Q

Ringof fracture

Motivation.li Geometric viewpoint towards cumulative rings
Commutatise ring R type functions on type space X with

valuesinIC
Eg antinuous topological orother

polymyrial dir
field

Ideals subsets of functions whichvanish on a given subset

Y e x in the Top context t mustbeclosed

In this context open sets will berisen by non vanishingof
functions

Eg Glee IR I Y E Maal R l ad be to
often in Nz Rl determinat

The nm vanishing functions will have the structure of a
multiplicaturely closed set
Leualizalimi Study the behaviour of a space wear a point
17 Number Thury Diophantine Equations

Pick Xm Pu Xi Xm E Z Xi Xm

Q Find integer solutions to P P n O



Approach Look for solutions on Q or Zep 4g I pXbCab

and patch the local solutions localization of zatip

Def Fix a commutative ring R S R Wesay S is a

multiplicity chsedat ik
i Oof S m otherwise localization gives asetwith 0 9
Cii a C 5
Ciii a b ES ab ES

Next we define an equivalence relation on 12 5

Ca s n bit c F s'ES with s fat bs 0

Claim is an equivalence relation

84 Symmetric reflexiveness are clear
same 5 Stl

Transitivity la s bat Cbt Sa
To prove 9 s Csu
From the given relations 7 sis C S such that

s f at bs o S l bu Ct O

c Scat s b s ca s b u S at
2

Then Cs's t au s's b s u s s s bust s's s at
h
c as a s t Sc

So s's f au Sc O S's t C S because sss t do
S is mult closed

Motivation g ed in Q ad be 0

Here we need to allow fr a d be to be a zero division
but where we can only use elements of S



Def The ring of fua of Rubatos denoted by
S R is the set Rx with
Addition Ca s t C b t at tbs St
Multiplication a s b t Lab St
Neutral elements 0 0,1

I 1 1

Equi Verifythat addition and multiplications formulae
given abore are well defined ie independent of class reps

Check that 5 R is a ring with theseofeuatuisStdohatimCa.s ES IR se

NII If OES then S TR Rx is reducedto a

single pt since 0 at b s 0 always S R would

be the zero ring which we ignored frm the beginning


