



































































































































Ringoffactions modulesof fractious

ka We defined multiplicatively closed sets 5
the ring of fractious S IR where R is anumutatie

Eyringof fraction

Def Fix a commutative ring R S R Wesay S is a

multiplicity chsedat ik
i Oof S m otherwise localization gives asetwith 0 9
Cii a C 5
Ciii a b ES ab ES

Equivalence relation on R XS

Ca s n bit F s'ES with S lat bs 0

Def The ring of fua of Rubatos denotedby
S R is the set Rx with
Addition Ca s t C b t attbs St
Multiplication la s b.tt Lab St
Neutral elements O 0,1 I bi
Think of la s m R s as g
Stein R is an integral dunain nozerodivisors

Then S Riot is a multiplicatisely closed set
Then S R is a field called the fieldof fractious
somethings denoted by Quot R
a s t lo l is insertitle qs sa

a o



Ex 12 21 Quot1127 09 qb g
9 b c d 1 SEZ 304 withscad 54 0

But Z is a domain so ad 4 0 since s 1 0

If m gcd a b then me bm Eu forcesn Scd dic

F teen In Khem for KEZ

In conclusion g 7jm Tzu de

R Z x Quot R x 41 PQt l
Q70

A paratmanylefs
R commutative S setof nonzero divisorsof R
Then S is multiplicotinely closed

Def S R total ring of fractions Quot A

Fem polymnualst Laurent polynomials
5 31 xi i if E Kex is multiplicatinly closed
Then S lK x lk x x

qs bet xn at bs o u 0

Again at 55 0 s EES so s xk t.tl
So a b Xk l Elk if k l

b axe k C Ik Cx if k

g Elk x



A digmiralimple
R 2462 3 S 31,494 melt closed

In 5 R E so f g FEES with b r i s o 0
t r 0

So 3g 0 VS ES 2 3 0

f f 0 f O Is f 0 f 0

Claim 5 R 30 i z HWI

2 Universal properties

Fix R commutative ring SCR multiflicaturely closed

Iwpaitim We have a natural ring homomorphism

jg R S R
a 1 g C class of 9,1

such that for every tes jsu is invertible in 5113
its inverse is

Prof Definition of the ring structure on 5 R makes js a

ring homomorphism

y because tn 1,4 6,4 41

Throwin Fix B another commutative ring let h R D

be a ring hummrfhism such that ft ES f t CB is insatitle
Then there exists a unique ring homomorphism I 5 R B

making Eojs L



They wanttoshow R f B

iss.hr I
set Icse has Ksj
Well defined g Is'ES with s Cat bs o

Then Ks Gta Gt Hb fcs o

MB flag fit L lb fcs

so Gca Lcs Hb fl't in B

Ring homomorphism i

f ft f attts flattbs fist

ha tcf t Hb Ks his htt
fca Ks Hb Gti f E ti tfE LE f aft Kab hist
ha Hb Lcs fits Ka Hsi Hb htt
Else Else

E l I f Guy has I I
t

l

To j s a f at ha ha ha I I ha D

Lenny Ker js 3 AER I se S with sa o

PH js Ca ay of I se S sts a i o 1 o ieSaOD



3 Modules of fractions

Fix R commutative ring SCR multiplicatirely closed

Ginn M an R module we want to define a module of
fractions Since R is an R module we can mimic the
construction of S R Rx

Equivalence Relation on Axs

mis mfs if there exists TES such that
t l s m s m 0 in M
n
R in M

E This is an equivalence relatin Hwi

Def 5 M Mx module offractious ofMulatiselis
Write cnn.SI in s tM as in

We make this into an abelian group
Addtim.ms m s.lm s.ru

Ssl

N ment.ge
Exude Show this is well defined ng in
Ihop.si The abelian group S IM is birth an R module

an S IR module via

g my aint Hae R s t C S me M

R module structure ose j g i a f



Exec Show this is well defined satisfies the properties

defining modules

We have an R linear map is M 5 M
M 1 my

PwfulIj Write F 5 M
N N

For eachSES aurichr thegp turn f i M M
s

m 1 3 S m

we hate Pcs C End FT Pcs is invertible

Pcs f t C End r TT

Let N be another module on R such that Vses

Ks N N is intertitle as Pcs C End N

n 1 3 Sn

Ginn an R linear map h M N there exists a

unique R linear map fin N st

M Is N

is Iq IIg commutes

Preof Tims Positrons
Need to show it is well defined R linear exercise

Toism F Pen fam Km Did



ss9 Ideals.ms
eFixRamnmtaTire ring SCR malt closed js R S R

the natural ring homomorphism
given OL C R ideal we define

s ok ideal in 5 R generated by j g Oe

Theysihim.IS Oe agrees with the module of fractures of
0L viewed as an R module relative to S

Throne Every ideal in 5 R is of this form f s a for
sure 0C CR ideal
Furthermore s Oe 5 R Shoe f
Prof i Use js R s R

Let b CS R be an ideal set A j g f
Weknow de is an ideal because js is a ring knurwyhism
Claim 5 d b e b
PY E ae Oe Ees R IF KI E b
so 5 d 5 R f ay aeoe Ef Es IR

ideal

f Pick x e b Then x Is for some y ER SES

ft Desi IIe so yea so besia
For the last part

I f s C Shoe write 1 C 5102



Consersely assume I C S toe Then F a can C OL

E II ETR with a EI ai E criaif E.bz
where s Fsi bi ri ai II Sj G OE fish n

i 1

But Eiji with b E bi C ok
So I Is for bed SES FEES with

a H s i b i ts tb
so ts tb E Shoe D

a

Iroposition Prime ideals in 5 R areof the firm 5 P where

PER is a prime ideal with 8ns

Proof Let off 5 R be a prime ideal By the proofof the furious
Theorem we know of 5 d when A j5 f
Sina fl's prime js is a ring lununurfhism we know Oc
is aprime ideal of R Sina f Es R wemust have ans

Consersely given PER prime with PA5 0 wewanttoshow
5 P ES R is a prime ideal
Profanes follows since DAS
S P is an ideal of 5 R by theTheorem

Is be C 5 P with a bC R STER weget

af 4 get C 5 P ab EP 5m a EP on SEP

sees P n Lt ES P


