
 

1 Noetherianmodules HilbertBasisThru

mgs

Definition A commutative ring R is called Noetherian if foresey
chain of ideals of R Oo E A E of E Oes E
there is k 30 with Ozu day ACC Asc chain condition

theorem Fox R a commutate ring TFA Ei

C R is Noetherian

2 Evey nonempty set 8 of ideals of R has a maximalelement

7 Every idiot or ER is finitely generated

Corollary c Principal idealdomains are Noetherian leg 2,14 3
a If h A B is a ring hurururphism with A B annuitalise
Assume his surjective If A is Noetherian so is B

Cs Ringsof fractions of Noetherian rings are Noetherian In
particular localizations presume Noetherianass

Ioof If BCB is an ideal Oe f b CA is on ideal
So I a an Then he404 Lha Kang

f sing

D Subringsof Noetherian rings need not be Aloetherian

Exe Take R x xz YewGlx Xz in
R is not Noetherian since

A Xi A Lxi Xz E never terminates

But R is a domain R Quot R field
Since the only ideals of Root R are o e l weget that
Quot R is Noetherian



Him If Ris Noetherian so is Rex
Hence 21 x xn KCx Muy au Noetherian forany field1K
To pwn this result we'll need the notionof Noetherian modules

Ssahloetheicommodei
Fix R commutative ring e N an R module

Def We say M is Noetherian if it satisfies the ascendingchain
condition fr submodules
Emy chain of submodules MoE N EN E stabilizes

ie t l o at the Met
we ban the following analog of Thuremi

theorem Fix R a commutate ring ManR module TFA Ei

C M is Noetherian

2 Evey nonempty set 8ofsubmodulesofM has a maximalelement

7 Every submodule of M is finitely generated

The proof is exactly the same as that of Them 1

CorollaryE Let o M Mz Ms o be a ses

of R modules Then Nz is Noetherian ifandonly if M M are

Proof submodules of M au submodules ofMz nah
NEM3 come fun g Ns E Ma submodules

g Ns L m me then Nz L Gun glue by
surjectivity ofg

Pick N a submodule of Mz then g N EM is a Sabu



so S N L Ms Ms Pick n us CN with
Gcn Mi S us Ms

Next take f NA LIM N EM submodule so

its finitely generated N on g e
Then n'g e flag nd f Ife Nr TIM Chili we
Chain N L n ins uh n e

FffPick uEN so g n E g N Lm Ms
That is guy a m t as Ms high t tassing

f a n t t 9 sus 9 9s E R
This means n g n as as E Ker g IMG so

n g n as us N n flM Snf n e
Conclude h E Ln us uh h e B

NI c R is an R module Then R is a Noetherian R module
if and only if R is a Noetherian ring

Recall Subrings of a Noetherian ring neednotbe Noetherian
3 A finite direct sumof Noetherianmodules is Noetherian

Hint Induct on the number of summonds use Corollary 2

F Mi Noetherian R module 5M is a Noetherian 5 Rmud
mutt closedsetof R

Papsitive Let R be a Noetherian ring Man R module Then
his Noetherian ihe only if M is finitely generated ie

F x XeC M St envy Xin M can be writtentwo necessarily

uniquely as X a X t tae Xe for 91 ae ER



Prod View M as a submoduleofM useThroum2
As his finitely generated eg Me x exe we

base R M morphism of R modules By the
ai ai Xi

universal property of R R we base a unique
l e cofies e

f R M R linear map st

yi 4
Ca ae 1 2 2 ai Xi th ti bR

Furthermore we get a se s of R modules fi

o kerf QI R Tl o

But R is Noetherian so R is also a Noetherian
i i

R module Again by Corollary 2 Imf M is Noetherian D

Examples Risk a field M K vector space
N Noetherian din kN Coo

R.sk Ex Noetherian ring since it's a PID
But Milka y is not a Noetherian R module
It will be a Noetherian ring by y3 notGg

R nsuhurd

An example of nm Noetherian ring
12 4antennas valued functions on IR
Fn In I u 1 nested chainofintervals withIFulbo
Rn 3 LE R I 4 fu o is an ideal in R



A E R2 E A E is astrictly increasingchoice
of ideals

So R is Not noetherian

essHilbertBasisthuremithurem
3 If R is commutative and Noetherian so is Rex

Prod We will show that my ideal of Rex is finitely generated

Let bc Rex be an ideal For ency tix CRex we let
L T f ER be the luaduig o.tk of f
f ao ta Xt thnx LT f an E R
K
o with an 0

We define LT O O

Chaim ok 3 LT f ft ble CR is an ideal
Pf i 0 E N since LT o o o E b

e a LT f c A Fae R heb Clearihaligo
Otherwise a4TH LT at Ed affix e Efaaisxi

So LT f C A if he f
an40 a auto

3 LT f t LTI g E OE if LTG Ltg do
If LT f LT g we know 0 Edl so assume
LT f t LTCS fo

it dug4 E digg then Xl k f E fn 11
K l g E b

so LT f t LTIg LTL Xl htt g E N
p

no cancellation occurs C b since hag C



Sina R is Noetherian we know It is h g by a one
withqyo.Vi.F.ireach j i l pick tj C bwith aj Lt hj
Let r

Eff dig Lj
o Let M Rex be the

R submodule generated by bi X Xr so 17 is the
set of polynomials of degree ar sinner is Noetherian M
is f g then M is noetherian
Now th M c N is a submoduleof M so it's also finitely
generated say by lb but

Claim b Cb bk hi he
PH Pick f E b If dug G er then GE BAM hence

f E C bi bae Otherwise we proved by induction on deg f sr

let a LT f with dy f D def Gj DjKj
Since a c all we have a r a t t re 9e fr scribbler re

Thus g f Erj xD di Gj E b deg g diff
If dig her then g E FAM andwe aredone Indeed

g L Erj xDd's fj c b t cube
so f E C b bu hi he
If dey f r then dig g C dy f e g et By IH

g C Cb bae G he so the same holds for h D


