
 

Lecture 22 ArtinianRings
LastTime i discussed Noetherian modules HilbertBasisTheocene

Acc
TODAY Artinian rings defined using descending chains

Why study Artinian rings
Geometrically Artinian rings correspond to finite collections of fat
points ie points with multiplicities

fim firstpreoperties

Definition Let R be a commutativering Wesaythat R is Artinian
after Emil Artin if every descending chain of ideals do 2 A Z

stabilizes ie 7 Go with Ke Re Descending Chain

Ex R K field is Artinian Condition

R KCxK u Ideals are 1K subspaces dimRe u

Let L be un empty set of ideals in an Artinian ring
Then Y has minimalelements with respect to inclusion

Preof same idea as will Noetherian rings
Let do E L If do is minimal we are done Otherwise wefind

A E L with Mo Z Na As R is Artinian this process
must stop and we will arrive at a minimalelement of L B

LemmerArtinian property is preserved under quotients byideals

34 Let Me E R be an ideal and R be Artinian
Then I Rye is also Artinian since ideals in

I correspond to ideals in R antaining A
So the DCC for R yields the DCC for R D



ImpositionL Let R be an Artinian commutative ring Then
E Envy prime ideal in R is maximal

Iii There are only finitely many maximal ideals in R

Ioof i Let 8E R be aprimeideal Then Rtp is an

Antinian integral domain 1 by Lemmaz
Now that E Typ Yo E considerthe descendingchain

of ideals in Rigs
x 2 XZ Z Xs

Since it eventually stabilizes I ka with 45 1 4

ie Xk y x
htt h y CRly

x k t X y 0

As Ryp is a domain and fo we here I X y so

is a unit
We an dude Yg Rly lol so Rly is a field

This means 18 is amaximal idea of R D

Let L set of ideals that are finite intersections of
maximal ideals of R

Lf 01 since maximal ideals M exist ME L

By the Artinian conditions Lemma l L has a minimal
element A M A AMe
Claim Maximal ideals in Rf 3Mi Me

PH Rick M E R maximal ideal then MAR E L



MA R E R By the minimalityof dove hose
ill MA 0C so

MA M h A Me M A nMe E M
E prime

By Prime Avoidance lecturer Fj st Mj EMThun2 page7
Since Mj M are both maximal we have Mj M D

of Antinian ringz
Corollary Let w be the ideal of nilpotent elements

ie the nil radical of R Ih R is Artinian then
N M h nme

where h M me is the list of maximal idealsof R

84 NEH n P M h NMe becausecell prime idealsPER
Prime

oneunit intheArtiniancase
4 byProblem9 Hw7 D

0 Problem 9 inHW7 says M A Ameif Jacobson radical
2 3 x ER I Xy is a unit ttyERE
From now on we assume R is commutative Artinian

Pepsi The ideal NCR Artinian is nilpotent
ie F n o such that N o

Ioof We consider the chain of ideals of R
N Z N Z Z N s

Sina R is Artinian F ne N with a NIN T
T



If A we are done So assume A O Then we

consider L setof all ideals beRst0ef f

j.Lsince d OE f o so AEE L
Pick I E Y minimal element As I.dk o there

is XEI St xd o so WE L But 4 EI

By minimality I
But Cx A x AZ xd 4 so xD EL
Once again x R E X so minimality gives 4 xd

This means F y EA St x Xy ie

Xy Xy
Since ye Oe CN we ban that y is nilpotent
ie F me IN with ym o

Cn i.x Xy D antiadicting xot IA f.co
D


