
 

Artinianrings I

4 Wedefined Adrian rings R as ringswith DCC

Iropositiet Let R be an Artinian commutative ring Then
E Envy prime ideal in R is maximal
Ii There are only finitely many maximal ideals in R

Ingesty R Artinian integral domain R is a field

Corollary Nilradical Jacob'sin radical fr Artinianrings

Pcpside The nilradical ideal WCR Artinian is nilpotent
ie F n o such that N o

Example K N lol 1K43g N x

Geometric interpretationof Artinian Rings

Welet my Me be the maximals prime ideals ofR

Note that maximal ideals are always coprime
In thesequel wewill needthe followinggeneral result

Fix A a commutative ring and A b e A be

to coprime ideals Then d e b au coprime fi 1

Morcom de n b DE b l same is true forfiniteintersectionsofcoprimeideals

Iroof since ol t b I F a EOE a b e b with 1 at b

I atb l a i b j
O



So as EI bi ai i ai t.fi a bi bi

C Ali C fi
fl f E N n f is always true of ed
Pick XENA b l atb so x ax t X b C all'f

Fab Fat D

By Proposition 2 pick in with N lo Sirree 1M Mey
are pairwise coprime we use the ChineseRemainder Theorem to

get a surjective map Drings
4 R RIM x x Ryne

Ker 4 M n n me Mi me EN 4g
p e
Lemme1

f since N M h Ame M Me
P
Lemma1

This impliesthe following structure Theorem forArtinianrings
Tei R E RIM n

x Ryman x Ryne
R Artinian Max ideals 3M Mel with nst NEG
Here R

mjn
is a local ring with unique maximal ideal

Mj IT Mj
where I R Rymjn is the natural

projection

Prod The isomorphism follows from the discussion above



It remains to show that Ryuji is local tiejel
Let off Rymjn be a maximal ideal so it's prime

Then Of Is the image of 8 D f ER 8 is a
prime ideal containing Mgm

Problem12th M E P M maximal e P prince M P
We conclude Mj P so I II Mj D

care i

Iropositinni If R is Artinian and local then Ris Noetherian
Pf Let M bethe unite maximal ideal of R write b Rfa
for the quotient We know k is a field
For each j o the set Miggy is a module our k ie a

b vector space By Lemma2 below dunkMiymjt soo

Pick a R consider Aj an MJ

Aj MJ myMjti
f

Ker f adj n Mitt a nm inMJ eAAMI Aja
So
Ajay

is a k subspace of MIymj so finitidemensimal

train ajp 4 be a k basis Is agog
with

aid adj C Aj



Foreach man let 0T ER be the ideal HR generated by
B U hat aight

I

Since M lo de is finitely generated dmtgVu.sn
set Ej e OTOMI fj in

Chaim OEj djttiej.eu
PH By reverse inductionof j
Beau j n OTn dn 6 since Mito
Inductisp we know Flynt Aj by inductivehyp
so Tej a Aj that a

j Of
ti left heft

but at aifeog.net oEj
So Ej j is k rSoldano Njt EAT C Aj

A jt AjH
So given aEAj A beet with a b C Anja EAT

a C Ej We conclude Ej Aj rs

The claim gires a armed ee oEnm ee SoAishgL
NER EEAGR

So R is Noetherian by construction B

As anatural consequence of This proposition the StructureThenweget
Corollary Artinian Noetherian



Lemma2 If 42 m is Artinian then dim Miggy a Vj
84We view k Rlm Mmi't

µgpjµy
By2ndI Y

Then subspaces oink in m4mg correspond bijectindy to
ideals In Rµjt with IEMYmi.tl
Why R Rymj I c

mm hers is also a Rturd ideal So

m E Tu If
a E Imig Mi Mitt Mj Im emJH

T mitlemj
meaning my annihilates

Gurevely if I Empusti Mq 5 6 thenJis a k module

If dimer Mhp D wecan find an infinite strictlydescending
chain ofsubspaces starting with acountable infinite leniar independent
set removing one such rector at a time This sequence gives an

infinite strictlydescendingchain ofideals mR mjt
annihilatedbyMlmJH

This cannot happen because Ryn jt is Artinian
ss3tt mmh

The next result known as Hensel's Lemmon is used to fadir any
polynomial by working modulo m m

The main instance of this is whenwe work with diophantine
equations we aim to facts on Zep 3 g pXby
compiling the p adic expansion of factors Otherapplications

include solving equations by p adic approximation



Henselblemma Let IR M be an Artinian localring
Let fix ER x and assume wehave gun hex in REX si

fix Jex hug C MCx M Rex
gc hex are coprime module M ie 79cg be Rex
sit org tbh L in 44M Cx

Then I 5,4 C Rex st tex gc hug and

5 Fix hex Tex modulo Mex

Ploof We will build approximations of g ah working
modulo Ml for each list
Chaim F se he C Rex st h gehe cMFD
Ge g C Mix a he h C Mix

PH Bg induction on L

Batman l i Take gp g h h thytnphyithu.es

InductiseStep Assume we're constructed 3ge hee Let

Cecil fix Gela hex C Mlk
Set get get Ceb mo Se Set Emelia EMCD

het he ee a mo he hen C Mlk EM

Them fix Set hat Ce Lagetbh celeb

Ce



cell lagutbhmtcealggeltceblhzheltceabcatmc.sn Fmc mean cMix Em MY'tmkayC MeMg y MfHy emetic C Mlt
So fix gethey E Mlt Cx

g ef tg.eu getHge g Mix v

Imax by IH

heh h Chet he the h CMAT U b

Using the claim for b n with ME 6 we get

t gnhn E MIX ms f gu hw

9 n g E Madd hu h ENIX

Thus f ga ti h satisfy the desired properties B


