
 

Lecture ArtinianRings PrimaryDecomposition
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structure Theorem finitely worry next ideals Ma Me and
R E Pym x x Rymer each tymyisolating

TODAY we will show the amuse to Theproofis basedon
primarydecomposition

IDefinition examples i

Fix R to be any commutattering
Definition An ideal of f R is primary if for any a b E R we
base abC f b of ane f fr sme n I

Obe Equivalently every zero divisor in Rhq is nilpotent Hw9

Recall The nek of an ideal ad in R is
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Lemma GER primary ref is prime

84 a be 8 r f ahbke f forsome k o

either beef or E E f fo smee n I

9primary I µbe P ee P D

Obe The difference between f P rlif is algebraic and highlights
the difference between a fatpoint pointwith multiplicity vs the

point as aset The algebraic partof Alg Geometry

Examples R K x xn is primary rkxy x prime

ab El xn then la or x lb This frees
a E xn or b E un it x Xb then la



R K y f L x y is primary but alpowerof
a prime ideal
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g f means bo fo r Glo 1 0 and bo o

Casey bo1 0
Gg aobotxlshtaogiteyykcyyl
ylfzgtaoszcy.lfinafg.EUy2 then hobo o so ao 0

hey xfhgts.fzcy.gg 1224,92cg 1 boyGuy
EG EG
boyhey Ef so boytzcyg xhux.yjtyhux.gg

Evaluate at x o to get boyhey y huo y
ylGzcyjsof otxhcxygty2fy gpEf.ooCzse_2bo 0 JX921g
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This last example is more general I seeHW9
Pepsi If R is commutattie Cf ismaximal then
9 is primary

Example R KC x 9,211µg za a 8 15
8 is a prime ideal but 87snot primary
RIP z y

4
47 11451 intehofman

82 L IZ E IE

EIJI E P e I I 8 but if f r 182 Exercise

wedo have gCt 8 but I C 8 ie the definitionofprimary
is not symmetric in f g
Sumnuaiy f namfles.ee
of primary of powerof a prime ideal
8 pm.me 8 primary

b r ly is maximal of primary
2 Irreducible ideals

Ref An ideal AER is irreducible if A bnc
with h C ER ideals then A b or Oe C

Terminology comes fromtopology if R ClCx xD then
A B C define closed sets in solutions to polynomials

deal



in each ideal i Vcd V f V C Howser
ok bn C translates to VCA VCb UVIC

So we can decomposeVLA
Lemma Assume R is Noetherian Then
d Every ideal in R is a finite intersection of irreducible ideals
Irreducible Primary

Proof Ci Consider E 3 AER ideal i Oe is not a finite
intersection of ined ideals

If Z f it must hook a maximal element R Neeth

say ok C E is ithis next element

Since Oc is not irreducible otherwise MELE then

A bn C with A f b Oe f e ideals
Now t E EI E by maximality of ok so

b b n Abe with hi Cj irreducibleC e n nee
A b n Abu h C nce El E Cont l

Cine 2 0
Ii Fix d G R irreducible ideal
Working with D Rya wemay assume

lo is an irreducible ideal
still Noetherian

et xy E lo ie y o e y to Wewant to prove x 0
y O

fr Sme u 0
Consider the chain of ideals

Ann x E Ann K e Amn Xi e

Ann z 3 re R l r 2 o feed R



Since R is Noetherian I n o St Ann xn eAnn XM

claim co xn h y

Pff a E ly ax 0 since XY 0 b nH o
a C xn a bxn

But bxut so b E Ann XM Ann xn so bxn o

So a 6 4 0

Since o is irreducible and g f lo weconclude xn lo ie x o as
required.D

This lemma is referred to as PrimaryDecomposition'forNeetherion

rings We will utne back to this next time

3 Characterization of primary ideals

Fix R Noetherian commutate Let all R be an ideal

Write D f n note primary decompositionofA
is
irreducible primary

Let Pi elf be the corresponding prime ideals

If 8 FR is a prime ideal minimal arming
the setof prime ideals containing Oc then P Pi forsomeit A
PH ByTheoremz ofPrime Avoidance Lecture 17 we

have f n note EP fi EP frame 2
prune

HencePE 9i e r 8 P but

a E Pi E P P minimal Pi P
1

Prime D



Def The mi rid of R are the meme ideals of R
minimal with mafect to inclusion

Corollary There are onlyfinitelymany minimal primes her any
deal Oc of a Noetherian ring R C minprimes rnRq


