



































































































































6 PrimaryDecomposition I

me Analyzed uniqueness featuresofreduced primdkamp

Primary decay runs Reduced Primary Decomposition
A G h AG
Pi r fi are all distinct
9 if i Ai

siliguensessprofities primary decrepositions

Fix A A h Age reducedpain dump Pier fi Vi

Therein The set of prime ideals 3M Petofa reducedprime
cleanupof 0L is uniquelydetermined by ok Moreprecisely

P Def b r Koe x XER Noe x isprime

i
this does Not require aprimarydecury
so KHS is indef of our choiceof red primarydecomp

Topuse this statement weneed onetechnical lemma Lectured

Let f f R be primary P G firmXERwehose
i x Cof fix R

e XEf f If x is primary r fix P
3 x et P let X f
Here lol b 3 re R i r BEA f for05hideals

Aix Ai x



Ioof.ofThrowing E Wewant to show each Pi is of the form
Kd X for some xiER Fix i a y yl choose

i E off life this exists by defof reducedprimdu

Then lol so h Gg xi fi X AR Ifi X
Kj El ELemmaLD

r Miki rlfi xi Di byLemmaE
Assume r Oe x is prime Then

x I Gi X fi x f effi D
Lemuria Ii X i

rid x r l n Cti D Melfi x
Kiel Kiel
HE9 i x fi P byLema

2So r Aix C Pi t it yl with X EE
h Pi E r 1A x So by prime avoidanceKiel
xetti t prime

Thin 2 Lecture 12 F i e with x fi st Piero x

bride r Aix Pi D

N Assoc Ol 3Pa Pet is theset of primes
associated to A it doesn't dependon a prion dump
but solely on A

Corollary If PER prime ideal minimal among primes
antaoning Oh then PE Assoc A That is NimoyEAsslog



We relabel Assoc A so that Min A 38h Put
for some keel
Assuming A G h AGE is reduced primarydecay webore

Thoum 3G fief are uniquely determined by ok
More explicitly Gi ji jibe Rpi for it k

where ji R Rpi
Ploof We keep ie Il ykE fixed write R Rpi S R
Take b ideal inRp generated by joy

when S R Pi

5 d j Oe S B
J lb fi e

Sina Oe fin weset 519 1 stfu
Claim 5 fu 5 R of k fi
PH It suffices to show Snfu Assume this is notthe
case ie Ga E R'S Pi Then stfu E pi Pi

8k
SE A E fa E Pne Pi bi E Nin d so 8k Pi
Contradicting the reducedness assumption on theprim dec b

combining a withClaim1 yields 5 d S go

Claim J CS fi Gi This implies J lb fi



P.fr Clearly Gi E j't 5 fi
Note fi E r fi P so 9 in 5 01
burusely it xE j ILS Ifi then x y C 5 fi so

I g for some AEGi SES ie F s.ES with

s Xs a O ai R
s's x s e E fi

since fi is primary either xCGi r Cs's ErlfitPi
But Sh Pi 01 s s c S so SEES
We conclude x E fi D

z PrimaryDecomposition forPIDs

Def A commutative ring R is a principalidualdomainIRD
if it is a domain and energy idiot of R can be generated

by 2 element
Observation PID Noetherian so we banprimary decomp

EI Z l I E Z I Fco I min fI
IKEx I Elk I to I f where FEI has

Tuinimaldupere

Q that do primary decompositions look like fr Pbs
Fix R PID P E R nonzero prime ideal

Then 8 is maximal

PY P a a 70



kssume
8 Ca f If b ER Weneedto show

either I P or I R

Since a C b we can write a be fr CER
If I f P then b P So theprime condition gives
c C P so C AX

Then a bx a ee al bx 17 0

Since af o R is a domain we conclude bx 1 0 so

I R D

Corollary hw9 All nonzero primary ideals in PID have

maximal radicals

Therein Prim Decoup fr PIDs
given Oeg R ideal in a PID there exist primary ideals
9 I y Ge s t

c A G h Alte
El 3Pi r Ai t ie ie e al distinct runzero pain ideals

3 fi of AAjjti
Furthermore Nin d Ass A so weget uniqueness
of all Gi Fe

Q What more can wesay about primary ideals
Lemmon If R is a pip fff is primary then f M for
Smee n o where M r f is a maximal ideal



7

PM we know Merle is maximal by thepinions lemma

Write f Coq Mip with p E f fr sme al

Pick smallest n with list property so pnefep g
Write g p x for KER
P 9y fr y C Ram
se p pay ginsplp hey o so xy p

n
But M is primary ideal

xyEM elp n n i

54M Tmnt
x em Cp

say x p z

Tims q p x P Kz gins g C pm

so if C pin Ef gins f Ph M D

brollary ok Pi's open Oi piek b
Pl Ne wax

so if A txt o we can find pi Pe Nishi
and uER with x up pie 1 unique factorization
Recall in an integral domain Gl b a sub ueR

Eeamplei In21 nn pi pene pidistinct primes m fo.tl
m tn h nlpeYl primary decomposition

limonene PID VFD unique factorizationdomain


