



































































































































7 Modules on Pi Ds

µ RT ID
aflideals

em be generated by just 1element
3 a commutative domain nozerodivisors

today Classify hinitely generated modules on PID's

App finitely generated abeliangps fg Z modules
my Classification for hg ab gps

Elements of a module M ame in 2 flavours
Ann m m is a free element

Ann m f o un Ann m f k 0

74 ideal so m is a Ersin element

M will be decomposed into a peepout and a tocsinpart

ssl.tn tulesi
Def An R moduleM is free if HE IR R

I

fr since I 4

we say I 4Cei if I is a basis forM

theorem If R iscommutatise an M is a firemodule thenany
Two bases forM kase the same cardinality wecall it the
tankofM

PH Consider M a maximal ideal on R Then IT MI
MM

is a le sector space fr k Rhq Then IT has a basis
all bases ofA horse the same cardinality














by

Furthermore If Lxi is a basis for M then Xi xitMM
IGI

is a basis for IT so I Il dimIT does notdepend onthebasis
Indeed we show 3 Filice both spans is bi

3 Ii diet spans
If I C Mmm then X ai XT withaiER

So I faith E
finite

finite
3XT life is li If I E faith E then

iC I
finite

aixi E MM so E ai xi bjYENC I
finite finite as

with yj Ec x
M

iEI
finite

En's Ei xi
Is a

xi

C M

By definition of IR ai EM ti in Supp of X
ai o otherwise

So aitM o fi We conclude 3 File is hi
D

Next we needto ensure freeness is preserved for submodules

This is not true in general



Exanyle Relax y M R is free of rank but
I X y is not a free submodule

I R not a cyclic module

We hone the obvious citation y X Xy e O

Ran It
Any 3hi Eee generating at will hare obviousmln f hiGh

w w

MI

Therein Let F be a free module on aPID R Ma submodule

Them M is free and rank M e rank F

Prod Wediscuss thefinite case For the casewhen Hank F is

infinite see HW10 Assume F has a basis 3Xi EE Cn rankly

Let Mr MA Cx xr for r i ir

Weshow Mr is free of rank er by induction on r
Base case r M 17 Atx is a submodule4 Xi so

M 49 Xi for some are 13

So 17 0 or free with M E R because Ann
Risadomain

Inductive step Cmsider thefollowing set of R
OL 3 a C Th i F x CM with b x t bra aXp

fr bi br ER
Claim 0L is an idiot because M is an R module

since R is a PID then Ol art for some art ER
Two cases

D If art 0 then Mrt Mr so Mr is freeof ranker



a If art 40 we pick WE Met with web X t tbrxrtq.in
C Xi Xr

For any x CMrt we write X ta X t tar X Heart7Xr
so X c w e M nCx x Foe
so ha Mr t w Arti Her 4
clearly Mr n w p Rs R

Ser
CH Ann w o because art 40

D
Corollary If E is a f g module ma PID E is a submodule

R
then E is f gem
PH View E RYuens 4 R Ryner E

Then N Y E ER so fine of route Eu ILB 3x Xsl
is a basis for M then E 4 M L 4cal 4kg7
is him gun R module D

Alternative Proof Use PID Noetherian
R Noeth so Eis Noetherian as amodule D

2Trsioh.frmodules

Eef Let M be an R module Wesay M is alotseinmodule
if given XEN I a C Risol with ax 0 equivalently

Ann X f o Axe M

Ibd Finite abelian gp translatesto finitelygenerated totem
module



Lef A Torsimilment x of a module M is an element
with Ann X f Lo Write ITtoo 3 torsion elementsofMY

Eef If Hwi foil we say M isTorsion free

D Train freethey Free

EI M Cx y trim free lkcx.gg mod butNotfree

However the statement is true for modules on PIDs
Prop M a kg module on a PID R If Mistersein

Tui then M is free

PY Consider 4 my amaxi set of elements of M
among a setIf g ym4 of generators ofM
Here bi mais g r t t guru o ai e R 9 Oti
Pick YE Yi S Then 7 a b e b n E R not all 0 so

ay t b v t burn O

Since S is bi then a fo
ga

If YES then y vi l y l 4 0

Gudusimi For all jet m we can find aj C Ryo
with aj y E vi un Take a a am

Then aM E Cr rn a 0 Rdomain
We take the multiplication way Ya M Cm un

M 1 7 am
Ya is injectite because M is toxin free



N Hui un is a free module EQ so

Ya M C N is also free byThurs

Conclude Metan is free of rank e rank N on me fins
rankM E win h Gen setsforME olM

D

The previous proposition allow usto decompose kg modules
on PID's as a direct sum of a toxin a free module

Therein Fix R a PID and M a f g R module Then

Myna on a free R module Furthermore there exists a free

submodule F of M with M May F
The rank of F is uniquely determined by M

Ioof Nexttime


