
 

8 Modules onPID's I

Recall Last time we talkedabout free modules our aPID R
M E R na a basis 3 e iEeee generates LI R

Defined totnin elements xEM with Ann x f o

NER t tocsin elements t submodule ofM
thisTorsion free module Mto 3of

theorem Size of the basis is unique rank TN

Theorem2 F hee module om PID M submodule theni

N is hee rank M e rank F

Inosein free tf g free hrs general R

Iwpon M is Gg on a PID M is train tree tree

SslSplitting of Ggmodules om PIDs

Thwum Fix R a PID and M a f g R module Then

My n on a free R
module Furthermore there exists a free

submodule F of M with M May F
The rankof F is uniquely determined by M
Prod We first show that E typhofstomintree

LetEEF and be R with b 5 0 mTT Then bX E Mto so

Aun bx f Co But Ann bx c e to



girls bo x 0 in M
So either be e o or X E Mhz 5 0

Hr Cfo
5 0 I is not atorsion element of T

Mis kg so IT is Gg
it is Ag Torain fue By Proposition it isfree

as an R module It's rank is uniquely determined byM
To find F we need a lemma attliedto 4 M HIMwi

Lemma Gnsider M M Tire modules on a PID R

Assume M is tree let h M M bearsurjectise
homomorphism of R modules Then there exists a free
submodule N of March that
c fin induces an isomorphism GIN N Mi

as M N kerf

Prod Pick a basis Axiliee for M For each i let
Xi C M with 4 Xi Xi
Take N Xi i'C I

Chaim 3 Xi i c It is Li

PHI ai Xi O Eai fix to 9i o
i EI IGI Bbasis ti

finite finite Xi

AI N is here with basis 3 Xi E ice
Clearly i Fyn N M



For xEM we can find ai C R l finitely many fo
with Gex E ai X E 9ihxi

c'EI IGI
finite finite

8 x E ai xi E Ker f Thees M N t kerf
E I 1

finite
N Aker f because 3 Xi E i ee is a basis

So f n i N Mt M N kerf D

ssE uwdulesomPlD5

Fi x R a PID

Def we say PER is a prime element if p isdeadpugin
We select representatives for the prime elements of R
module units
temples 21 us positive prime members

114 3 monic irreducible polynomials
LTV 2

If AnExponentofM an element in Aun M tog
NE We say x EM is a p point if p x

for some n 1 equiv exp x is a positive powerofP

Def Ginn AER 304 we write Ma Kelly H
a x

Def An R module Mis Eydie if Mt Rha fr sme a



Lbs If a o we can write a up Ii Pir pi princeps
nie 26,0

useprimarydecury of a uerx

Def A p module M M Mputssmews is of type

pri P if it is inurfhic to i.IR piriy
If p is understood wesay M hostyse Cr rs
M is a Train module if M Mute

Classifier If M is a kg Tomin module
over a PID R then M Mpini forsuitable nie o

pprime withMpini f fol
Furthermore M pini E Rfp to Rfp
with n Yi's is vs the sequence vi is uniquely
determined by M p
Proof First we discuss the decomposition ofM as a directsum of

p torsion modules

Chaim M has anonzero exponent a

Pf Write M Xi Xn Weknow Ann Xi ai f O

because M is aTorsion module

Take a a an 0 then AM hole D

Since M f toy a RX so Ann1M f o R
WLOG assume AmlM y so M Ma
Assume a be with Cb c 1 Pick x y with i xbtyc



y
Chaim M b Me

Pfl Mb AMc lol since me Mb AM focus

b m 0

m
l m l Xbty c im 0 0 0

E Pick mEM Then m xbty c m

xbmtycmetfttlb.fmImacm XCub M X O O mom CMe
a

Mz Y Egm y O O m MaCMy Da

We fact aas a up pi uER
Pi primes

via Primary cleanup of a nij o
CASEL r 1

Then a up Me Ma e Mpw
CASE 2 r 9

Then a be with b up sepia pin

Claim b 4 9

PH b c d Risa PID so b dx
c dyBut b upi dx forces d wp with ossi Eui wER

primarycleanup are uniquefr Pbs
Also c pie pit dy forces dip Pir reR

SijaoBut psii pili p are coprime so only option is sipotj
ie de RX



By our Claim 1 M M b to Me

Frombases 1 2 we induct on the number ofprime factors
in b c to show

A Mp to Mpiiir

Next we show that ftp.jij admits theclaimeddecomposition

It suffices to focus on p Torsion modules Uniquenesswillbeprom
at theend

Assume M Hpu with n minimal Notice F Mfp
is a k vsp with k Rpg in a PID prime mice

f O
Since M is kg dimeMT soo

We argue by induction m dinneen using thefollowing
lemma fr the inductive step
Lemmon Assume Ann M Ep fide x EM with Annhttp
Gusidu the ses o Cx A N O

MLxThen it dimangn C din ee tf
IT admits a section assuming N decomposes es expected

84 Next time

Wewill complete the proof of the Classification Thu in

the next lecture


