



































































































































Lecture29 Modules om P I B II

Recall Last time we talkedabout free modules our aPID R
M E R n'a a basis 3eiEee generates LIIR

Defined totnin elements xEM with Ann x o

NER s Train elements t submodule ofM
thisTorsion free module Mto 3of

TX M 0 Ig module over a Pi D

M E two F F hee E My
thot

Pick representatives frprime inR3pif.e
p to purin idea

Classified If M is a kg Tomin module
over a PID R then M Mpini forsuitable nie o

pipim.ie withNpinit
Furthermore M pini E Rfp to Rfp
with n Yi's is vs thesequence vi is uniquely
determined by M p
1 Wrote Ann M a a o a R

a up i Pia m M Ma
c M Pii mmu reps ni

Mpi






































































































































Uniqueness ofPij hi follows from uniqueness of primary
decomposition to Ploss
TODI We focus on the classification of p torsion modules
Uniquenesswillbeprom at tu end

Assume MsMpn with n minimal Notice F Mfp
is a k vsp with k Rpg in a PID prime mice

1 0
Since M is Gg drinkMT soo

We argue by induction m dinneen usingthefollowing
lemma.fr the inductee step

Lemmon Assume Ann M Ep fide x cM with Annhttp
Gusidu the ses o Cx A N O

MLxThen is dimangn C din ee tf
I admits a section assuming N decomposes es expected

PH i M 5 N hypn
IT 1PM PFilm pN

f se pM E Ker L
fynn If we set Tifa Kpn

T is k linear map
Tis surjective so dimeNgn E dimuMpnc.es

x C M satisfies f x pm 0 x tph PM
because p x f 0






































































































































we sentBuffy pint Is Ipn The 0

Pix

GH denizens dimupin
We assume N type with u us

consider h5i JsE where 4cg Ei Ann Ti p
We want to lift each yi to M so that Aunty is Aml5i

yetRtx TIEN
It suffices to do this for a single g C Nihot
Assume Aunty pl for some 131 Pick any C M
with y Rex J
Then ply c Rex Write ply bx.fr be R e

facto bas b pSc with pXc s o

Since Phx 0 we may assume Sen fotherwise p x o pYx

If s h then ply O

pl y Rex so pl ly of Aunty Amity

If San then Ann psc x pm so A.nu y lplth

gfinaphgo we get Ltu Sen ie les

so y y ps lex satisfies

g
b'tRex 5

Ann y pl Arm 15
ply ply p o ply p g p cx o forcespl y Caurf.gl






































































































































Assume we're lifted 5 Is G y gs with
Ann yi Ann15i yit Rtx yi c N

Then M Rex to M where N Rly ys
Sina M n Rex 304

Mpg M e N D

Endof t catim.tk existence ofthedecomposition

we proceed by induction m dance n
k Rfp field

M fog se dunk Mfp Here M Mpi in minimalist
Pease dunkMgm I dining focus IT x so NtRfpy
I tp Assume N admits adump since dining duz n
Using the section to M N from the proof of the lemma we
we build y ys him the decomp of N

Since N 1215in Rfprigp Ms

andCptAnn M e Ann N pm we get n u us

To finish we show Rly y s Rly Rigs
Indeed if 9 y t tasys so wewant to show ai yi o ti
ViewedinN a YT t t asyJ O in N Rcyi forces
9iTi o so ai e Ann1ST Ann yi aiyi o

Thus M x Rly Rigs n 42 Vs
12 12 12 B
R RFn Lpn Rhp's



Inigueness proff Npn x Regi ns.vp

For Npn n exponent of Ann Npn pm Annex Cph

AnnlMpn 47 v IMp 484
uz Mpy LP

claim S dime7pm t k

BG Since M Rex Rly Nys
Then PM PR to prey PRIYA

with Itt 4 1 could have t s

In 7k to 7k79 IQlsiikv.sk k Nk k
din M k
Fpr Htt s t S.tl

So ofTerns is unique n pl pl
H Il I 115

Assam N Lx Ito Rly ordway ordlyg a zordc.gs

But oryx N Ord X morning Amu AnnLxKAMIN
Next we consider the multiplication map pin P M
we argue by induction mn where Ann IN lp
N pM has Ann In Ip
If not then pM 0 so V e Uz Vs

Vf e VE V's



Assume u 2 that the cleanup is unique for any
module with Ann h e Cpk fskent

Furthermore pM Rcp RCpyi 432
L Vet

Rcpxntoit.IRPyi uri32 vfi Yi

But ordpyI in E ordly since

y b'o X't b y t t b'sI's Pity e 07
so ord bi ordly's


