
 

Lecture31 Rational normalformsJordan canonical forms
In the best z lectures we saw 2 ways to classify non zero finitely
generated torsion modules over a PID R

Chassifi If M is a GgTorsion module over aPID R then
M Mpini forsuitableni so withRpi fog

Pprime Chi minimal
Furthermore M pini E Rfp to Rfp's

i i
with n Yi's is vs thesequence vi is uniquely determined

byM pi

classih.tt If ofN is aGg torsion module on aPID R
then M E Rhq
where fi to feel R t i d 7 I I f
Furthermore the sequence of ideals fi y fr is uniquely
determined by theabove auditions

TODAY'S GOAL Focus on the case of KCx modules where IK is
a field of characteristic o f einchar p perfect fields will be
needed see Math 6112

ss.la Kfxj nwdulls

Cf What is a 114 3 module

I a K vector space Y
multiplication by X defines a map x i V V

M X m

commutalere



x is 1K linear since 1K is commutative

X la m x a m Ca x m a x m

Afsoc 1143 arun Abssr

bae 1kW module a K vectorspace V t PEEN V

From now on we assume V dues dimaV us 0

So 4 A C Matu u K matrixof thelinear
Transf wet afixedbasis

Define a map Kex IKEA c Endy IV
P X PLA

What is Pcm If ve V then
P oaixi m P A cu EE ai Ai r

Alo OA
VI is a ringhomomorphism ITunes
In IV subring of End u V generated by A IK
Ker IV Ideal ofHex P ID so

Kent f for some f C KID
Lemmon Ker UI f o

84 IKEA E End V E Makua K dm A so
f

subspace h dem IK vs

4 is also k linear map If Ker 4 o then

1KCx Elk CA Cute D
int demi't kn din f

Kame k 0 us take 9 ACx ftp.gf movie

otaki mi polynomial of A om k



2 Cyclic ease i

Iropositin Assume we bore EV s.t.V kfxj.ir ie V is

generated by 3 v Au Air y our 1K Viscyclic Then
1 drug Ea is minimal integer dzo sit
3 w Ar Advt is ed ie

Iv Av Ad ol is bi
3 v Av Advt is ed

2 Furthermore in thissituation 3 v Av Ad H is abasisbill

84 Sina V is h din't we have 3 r Ar Advt ed fr sound

2 If d is minimal then 3 r Ar Ad rt is Li
We claim Adv C Span v Av Ad v by inducting
on k 0 Adth v E

So 3 v Av Ad n E is a basis for V
4 Write a nontrivial d d relating i

ko v 9 Av T az Ab t t ad Adtr t ad Adv e o
Sima ad fo we can assume 9d l ball h EE ai Xi

X
we claim h 9A
c HE Ker VI HCA o h A Ar Athy D

hiCA Alr AIN O n him fo
h ga g fr gets

E It dug g A a dug herd wewould hate a depending
relation for 3 v Av Ab Ad of Guti

Conde deg for a tough fog 1h both are monic offh
B



Corollary t If V is cyclic as a 1k fXT uurdule and

f A Xd t ad Xd t ta X t go then in the basis

B 3 v Av Ad ut we have
0 Cfi

Moo f aFmiiaTEt
characteristicpoly 9A

Corollary If V is cyclic then V e 1k as k r s

FAIX
why Kix 47 V is senj Ker Y Haha

fCx 1 3 far
Morcom fish is independent of the choice of generatorforV

an invariant of V
Reason 1k I 1k c dighdigg samedim
HWIO Problem6 8

3 Non cyclic ceasee

Q what boffins in the non cyclic case

A ClassificationTheorems for Gg Train modules Kcx

Ibs dim I c then V is aTocsin module our 14 3
of a A 0 endomorphism warring gALA w Huey

theoremt V 1k vector space A CEnd V A o Then

V admits a direct sum decomposition

V Ur



where each Vi is a cyclic key module with invariantsg i fo
satisfying f I feel I 9 r
Furthermore the sequence Lg g r is uniquely determined

by V A 9 r 9A
PH ClassificationTheorem uz gives the9i's Uniqueness alsofollows

To finish Ann V ga a 9 r since filet r ti
But er I g a sima 9A x Vr 0 So fr 9A Gothic

Corollary V admits a basisBwith

mon1 I ai aid i
a

This is know as the national firmfated
A N RN F A where I ifG F QE GLullk

with A 9 C 9
Pfl Pick vi generator for Vi Bi 3 v Av Ad y
with di dug fi Then take B B U V Br B

Q what about alternative ClassificationThen

We factor 9 A ex pTx Pshsix into distinct prime
powers pix runic irreducible
The pi's are the representatives of prime elements in 1kW
Everything is monic so no unit is needed in the factorization



theorem V K vector space A CEnd V A 0 Then

V admits a direct sum decomposition

Vpi Un
P

Furthermore each Vp i can be express as a direct sum of
submodules isomorphic to

lkcxpq.gg
with ni v vs

forme

In the special core when 1K HI charo fEg HEA
then write pi x x for some d Elk

Each 1k
yn
piece gins a cyclic submodule Wpingof V

of dimension in

Wpi m has a basis B om k such that

Alwants
y

mx mmatrix

J L m

PH Wpim is generated by some W E V

Chhim B 3 w CA 2 w f Dm w is abasis

LI X 2
m
is the minimal polynomial of Wpis

Any dependency will yield a polynomial g with 91Affp
Spain Proposition hun early on t binomial Theorem

Alternative IN dimWpim

NI LA ightow CA CA 25µg yields



A A d
ht

w LA w t x A a Tw
Also A Dm w since 9AwpEH HM
so Alwww.T has the desired shape D

brollary finn V A with g a p pin F B

basis fr V with
A

A
B µ blogdiagonalcleanup

Furthermore fr pi x di we hone

Ai JKim I o

l I m

nisi's

This flock decomposition is the Jordan canonical formof the
matrix A


