



































































































































3 General Jordancanonicalforms Cayley Hamilton

Recall Lasttime weTalked about minimal polynomials
of matrices A C RatnaUk
Defined IV IKEx IKEA c Endy

PH MA
N

E ai Xi 1 Eai Ai IA Id
c'so

4 ring homomorphism 1K linear
Ker Y f O mo Ker 4 Lota 9 A monic in KC x

minimal polyCbs 9 gAg 9 A forany GEGlullk of A
If 1K is cyclic Fr Elk with 3 r Av Nr

generating 1K then ga X't anyx t tao

C F B 3 o Ar Atr A v E bases with

No 19 takfanimuaFET
O 9 a X'tan X t tao

a If lk.tk chink o and g A x d then

IK is cyclic B 3 v CA LI LA LI Yn
is a basis for some Elk

Also F f I JK n Jordan block
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In the noncyclic case we break 1K into cyclic
IKEA modules

C IK V Vr Keng Vi 4k cyclic9 i

B B U UBr Bi basis fs Vi with

No with a l Est ter

Rational NormalFoam
9 r 9A

KELT char ko sa EIN di

m V Vito Vs with
any Lx di

Fbasies Bi B's of vi V's with B SUB
i I

Mrs Fj Furthermore Ai fluids
µ

can be further decomposed as

Ai Jkim l

gg

nniItYx ois
I 0

Jordan carunical form

fWhat else can we say



segeneral Jrdan free

Obs Written additively heget

Af D t N

D diagonal part 9 D IT Cx ai
l

N nilpotent N
din

no q x framed
LAI DIN commute
BB

There is awe gewua d fries
that mock our perfect fields charo is enough

theorem Let 1K be a perfect field NEZ ACMath.dk
Then 7 As An C MataxuHK St

1 A As t A n Jordan Chunkydecomposition of A
2 As An are polynomial in A
27 As A An A As An 0
3 As is semisimple An is nilpotent

An nilpotent means fan x Xl for sml
As semisimple means Fas SA's L

Alternatively gas II fix ti idimstfa.AE ic

Easycase g y Is
An IA din As A An

A An ammonite A As commute An As commute



An nilpotent An
d

L.A a 0 in Matn HK
Claim 9As x D so 9As fiss i

A An In A l A din d Id O

s X d is irreducible so Ker Y x D Ker41141

For 1K II see hw 11 semisimple diagmalizable

In perfect fields you need GaloisThru

Iniquenese As c An A's thin
As A's An An

AN P A AN 9 A so A'N AN animate

A'n An is nilpotent

As RIA A's T A so they animate

Fact Two diagmalizable matrices thatcommute can be
Thwill
diagonalized si neously So As A's is semismifle

Only one semisimple and nilpotentmatrix 0

a Characteristic polynomial

Find V an n din't K vector space A V V a ktimer

map We have kex KCA
X 1 A

Ref We define the choua c polynomialofA as

Xp det XIN A



Obe If ANC meaning C G AG for GCGL.dk
then Xc XA
Indeed Xc det In G AG

out G I A G Iet G detlx.tn A HG

XA

Lemma If 4 IK IK is a homomorphismofrings
Felweenzfields then Xp µ M

Here 4 extends to 4,114 3 Hex
Theof Exercise

Therein Cayley Hamilton Xp A to lie 9AlXp

Pvdf We'll use the Rational Normal frm ofA

BB I 911921 let 9A

detlxIn At at f
PEq

Xcq Reg
7

block
decimp 9 r by Lemuria below

so 9AI XA D



Lemmon X f fr any monic polynomial fElKcca

84 By inductemm degreeoff
dug tea Xc Det Xiao xt9o C

ao Lao
Xtao

u dig fr m m L XM 1 am Xm t too

a fo xtn aftxiii.si i
detainCg is computed by column expansion

xer xut.fi It htt
x at a

wtf
oh

f ex
T

4 tf DuZao

µ

X k 1 Go fix Go too fix D

Alternative Proof ofRH

Te show Xp A v o Fv in V



Pick any v e V a consider VL kcpy.ir that is the
rector space spanned by 3 r Av Nv 4

We know we can find d withB't r Ar Ad Lf a

basis for V Assume demV n

We extend B to a basis B of V Then we get
h d

n 11 1 when
foe it

so Al Cfpw

Then using the same block decomposition we get

Xp XA XAz
p
9
Aw

XD XA3 9Alu
Lemma

se XA CA v XA 1A FANIA v

XA 1A t
0

0 v EV D

Obe The result is true for matrices on
any annuitaktering R

we can show this by proving the phymurial

Xp x X t bn X t t bo where bi E Zf ai j
knishes on A Lai inside a dinned of Matum IR

we cankick diagnaligalle matrices as such set
Alternate proof HW4 Problem18 D


