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Our last anneguence is Nakayama's lemma

Katayama Fix R M local unmutatise ring
and let M be a finitely generated R module
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2 Linear AlgebraBasics

Fix 1K a field Next we review the basic operations on
vector spaces on 1K

Direct sums Hm Dual VectorSpaces
Nethine iTensor products Symmetric AlternatingforExterior

products
ssz.tv aces ape
IefiniIhAu spaaomlKis.a set V together with 3 operations
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Def A IK leniar map between 2 vector spaces is a group

humorphism f V W stflz.ir 2 far Hee 1K

Ibs Same definition as homomorphism of IK modules

Hom V W setof all linear maps fromVtoW

Bop Hamas V w is a K vectorspace

Pf H h h E Hm V W h t K is defined as

the
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Easy to check i this new map f tha i V W is K linear

Zero map 0 E Hom
K
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Scalar multiplication i tze 1kg GEHM V W

f V W 2 f
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Easy to check this new map z f V W is K linear
Distributive Associative Laws followfun those onW i f f is clear D

Note We win really usedTheactorspace structureof V in the definition

of thevector space structure on Him V W Thesame wouldwork

to make Him.su X w a vector space when X is anyset W is a

K vectorspace

Remade If Ve W are finite dimensional with demV n dunw.tn

thenHank V W can be identified with Matmulk This

involves choosing bases Bv 3nitin Bw 3Wjfj fr Vfordered
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2.3 Bases

We use the same definition as freemodules

Def B is a basis for V ih V E 1K
REB

B is linearly independent
a B spans V

E y esery n in V can be written uniquely as a linearcomb

of elements in B

Eaddy B is maximal lairearly independentset Hulk

Obs Bg Hwto Problem2 any 2 maximal linearly indefSrets hose
the same cardinality So demU size ofany basisforV

The usual techniques to find a basis in a spawning set a

basis forV by extending a linearly independent set hold in

any dimension I see
HW12 The proof uses Zorn's lemma

Thurem 3 let V be a niche space on a field 1K with V of
Lets be a hi subset of U Then there exists a basis B

tr V with S C B

Let M be a generating at for V lie a spanningset Then there

exists a basis B of V with BCP



2.2 Direct Sums

Let v e k be to IoT spaces

Def V Uz denotes the techsspace with underlying at
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Lbs Sanuwill work for freemodules on a comin ring with finiterank



2.3Dual Vector Spaces
Let U be a K vector space

Def The dud of V denoted by V is defined as

Hank VI
dull vectorspace

1 If V is finitedimensional then dimV dimV
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lbs Similarly if R is a commutative ring andM is a freeRmod

we can define M HmrcM R It turns outthat M need

not be free if rk.CM is infinite Eg M Z N M Znot 1
If he Koo M is free rk.tn rklM sa same proof works


