



































































































































LEE DualVectorSpaces Tensor products

Last time wereviewed basics a 1K vectorspaces

Bases generating sets l i

Efuin maximal li subsets
demV size of a basis cardinality well defined HW10Pa

Thury Let V be a richespace on a field 1K with V of
Lets be a hi subset of V Then there exists abasis B tr V with

S C B

Let M be a generating at forV lie a spanningset Then
there exists

a basis B of V with BCP

Def Thedud ofV is Homa IV Kp
1dim't vectorspace

1 If V is finitedimensional then dimV dimV

Ifl Let tritheism be a basis for V Define vi EV by

hilts Sig to it j m BE wi u is abasisforV't

i DoubleDuals

Remark WCV subspace then is a rectorspace
and SE V I 51w o

Proposition V 4 V is linear ing
v Par V IK attnotation fr

f 1 far far f s v f

he is surjective dim Vs



Prod Y'ur EH is dear

Yimou Yurtw f far w e firstfew thug
This is truefor all f so Yurtry Yar thus inIV't

4 tr f fav 2 for Ellers f this Cf
This is truefor all f so 4 zu z Y iz wiLV

Kisinjestise Ker 4 104

4 v 0 means 4 r f O Hh

If r 0 then by Thurin 3 we can find a basis BfrUwithVEV

Fr iv o with view f0
WEB t for web

q w U

Then Ye v rx cry l fo Guti

budde r o so Ker 4 301

We saw V EV if demV s so VE gives
the scum dimension By Rank Nullity Theorem 4 is surjective

If dim V let Bhai.nl be an infinite basis fr V
Then V I ai wi i ai 0 t but finitelymany i

FEI ai ri't z F 3 aiUE i ai Krall
butfinitelymanyif

only if demVe

Nami Any linear frm Si V K which vanishes MF

cannot be in In 4 unless 8 0



PY F 3 SEN self o 9 complete abasesof F

6 a basis for V take any S wk for w amongtheadded
basis elementsset H 3 NEV 4hr71

Then F n Im 4 c 4 H Fo so 0 isolate Imf
3 4 in F so Krypto4 H f 0 t GEF forces r o otherwise GF for G j rTrF

D

Howto dualist a map
Lemma If G V W is a linearmap then f't W V

defined by f s 3 of V W 1K VIEW isK linear

Mre precisely f S n 3 Leg Art V t SEW

Ihop It dimV n dinW m then f
Bw Bv ftp.zw

nm 12

82 Bilinear Maps andTensorProducts

LetUs Va W be 3 vector spaces our 1K

Def A bilinear map h V XVz W is a set map which

is linear m each coordinate ie

tf v EV i Vz W C Hm k Vz W
w 1 7 fr Vi W

f ve CUz V W E Hom k Vi W
W h W

Eef TheTenseproduct V 1kV is a vector space together
with a bilinearmap V XVz 4 Vi z

Cri vz 1 3 U vz
E indecomposabletensor



satisfying the following universal prejudge For any actor sp
W Mlk and any bilinear map f V xk W there
exists a unique T V Va W linear map making
the following diagram commute

V XVz
f W

4k I einar

Idia Builda space so thatT is'temas

Ode Thepair V c T will be uniqueuptounique iso

Example V qq.lk EV
v I n Y w n r l v

T u hera

KEIN V µVz is a rector space spanned by
B I Cri N i v CVi vi CVz quotiented by the

subspaceHspanned by
Zi uit Zi Vi Va z ly Va z Ivi vz
V ZzVz 1ZzUz Zz Vi Va Z's Vi VI

So in the quotient CH Hui Vz 2 fu 5 t 2461 04
V Zzvz t ELVI Zz Iv k t 2LIV VE

Define 4Cv vz v vz check it is bilinear

4 2 Nitti vi va E Hurry t E Yuri this is

414 twat 2cud izz4lv.is tt'z9v vI
The map is bilinear becausewe defined V wk as a

quotientofrector spaces


