



































































































































1 Bilinear forms

Record f E Bil IV V 1K symmetric if CLn w Hw n V Yw
Skewsymru H v w fl w v t v w

GOI Chassihiy nm dug symmetric skew sym forms

ssiBTngethogmalbe.fr K CchiarlK tz

Last time we build studied symmetric non deg bilinear

forms m R build an orthogonal basisB 3E Eat for IR
withrespect to GE Bil Mdy IR IR IR ie Hei Ej 0 Ki j
This was done using Gram Schmidt method At the ecenterof it
we had the assumption that hw n fo whenua r o Butthis

is mm nee True Whenever this fails thealgorithm cannot proceed

We need the following key lemma to bypass this issue Weassume

1K is any field with char1K 2 this includes IR

Li Assume his symmetric non deg 1K bilinearfirm on 1K
and thank 72 Then
I v to with Gloria 1 0
u

IK Sp vo suit where 3we KihnwFo
flew t

no
t is a non degenerate symmetric bilinear true

PH By aLemmon bunLecture39 page 3 we know that h is

awfletely determined by 3Gcnng REVE Moreprecisely

Gu w flvtw rtw f1v vj Hw w

2

If f x x o Fx elk then fur w o H n w so GEO

This cannot happen since G is nondegenerate Thus I noC IK






































































































































with two no 1 0

Build W no
t

By no W
Glue

Since W Ker IR 1K we know it is asubspace
w Huo w of1K

Claim W ns.plro 3ol
Indeed Guo duo dfcuo.no so tho EW 6 0

f O

By the Rank Nullity Theorem dim Wt n

I since 4 Ino 70
So demW n i inflk
dim Lwt Sp no n so 1K

t claim D

Needto show w W is injectin
w 1 Gcw v

Rick W CKerch so Gcw n o knew

But we Luo
t

so Gcw duo DGcw no 0

So Ftw 1 0 C lKY by
This implies WE Ker V V't 3of
By symmetry w w't as well so 5 9

Iwfsn Assume F V x V IK is non deg bilinear
form bmVmThen there exists B 3E EmE basis fr V with
G Ei Ej o fi j FCEi Ei 0

PH By induction mm dim V Write V 1km

m nothing i to check Any Elk SOE satisfies



kn r f o since otherwise f EO

I step By Lemma F ro E V i3 of Nero
t

with quono fo V Sp no to W G
w wmn deg

dais IN m s so by inductive hypothesis 73 Ec Emil
basis fs W with Hei Ej o to j ke toTake E ero

GC Ei Ei o Ki i since WI b fee e 40 B

EI ymmihic forns.MUR

STEIL Reduce to the non degenerate ease lasttime

ylsestu Fix filth Rt IR nm digsymmetricbitfrm
Then 7 basis B3 Ei i Eng of TR t fleeEj ISij
Moreover the of o is independentof the basis f signatureofG

Prof Bg Proposition F 3W win orthogonal basesforVwithHwiwifo
ETEPL lasttime Normalize via Ei Y y Hi

STEITZ Show S hi's i fee Ei it is independent of B

Say wehave 2 basis as in the Theorem

B Im up rpm rule with Hui vij I Pp

B I w i swag W'g c own t Hwi wit ft of
ni uj Hwi Wj o fit j

Assume peg reach a contradiction Symmetryyieldsp 7

Wedefine a linear transformation L IR 113PM 7

4 9
ftp.sIiif



Since pin fan the rank nullity theorem gins
o E Ker L il al

Chaim So C Sp oh y nsp w
uzh

Indeed so E ai ni a f Cri So ai Gui Visp
i i

so so C Sp rpt upSo birth o f wi So biffwiiy.fi't
Now Go So fiEp aivi.itp 9ini

n

i p
aia's flu rj aiko

i Ptl L

so so h EI bi wi E bi wi
9

E bibjhlwi.ws EE bi 0

This is a
contradiction so

B

Consequence Classification of quadratic formsg in IR
homogeneous degree 2 polynomials in Rex Xu

Imei e mm
TH f cu w Eff u twi rutwu 9 I 9Cud

is a bilinear form r rank f s signature f

Note 9 67 43,5



Change of basis 1 34 en E 39 we w nE
in Rad f

Next we www.fp w wr Rr Consider

h
w w

i IR I IR symm um dug bilinear firm

with s signatureof IT

BySylvester theorem F basis E Enl of Rr W with
with Heidi f Haig o ti tj
Change of basis 2 inWi 3 wi Wr E I.E EE

Y 4lemon
Grim 3 e l i Ent c Ei Er writ Way chanted

coordinates

9 Ice Xi't xf I Xk

ssz.fymnuhicb.cl frms Cuharlk tz

elk f C BillV.V1K symmetric we can pick a basis

for V B B UB where Sp Ba Rad f

E f1w w
wxw 1K is non degenerate W Sp Bi

Hs _mf Q Q in GLmilk
Rank G r k Q

Q is symmetric Q f B p
rk f rut

m m rkCQ
Iwfs Assume Filk IK IK is non deg bilinear

foundationK 2Then there exists B 3E EmE basis for1km with
Ei Ei o fifj G Ei 4 FO fi

If lK tK we can further require ft Ei Ei I Viet m



Ioof The first partof the statement is theProposition mpager
To finish normalize the basis 3 E E'm funtheProposition
as follows let q f Ei Ei fo in k II so 7 LIK IOE

with a q Then Ei satisfies

f Ei Ei at Heisei aai e a fit m

Ei Eg GLEEEg O t it j b

Sss Skew symmetric bilinear 1K forms charlk Ez

As we mentioned last Time the calculations for turning adigboil

symmetric form into a run dug me works for skew Sym
focus as well So we focus on non deg shew symnnfrrus.org
1K with chork f 2 Fix

In whatfollows we present the analog of Sylvester's Three fr
Shun sem nm leg1K bilinear formsmVelkhThis result is used

to build Darboux coordinates in real symplecticmanifolds
Westart discussing thedimension of V

Lemmon If I f g Bil
Skewsynn

mudug
V V K demko then dim

is hen

Prod Peck Q It E Mat nm LK when B is anybasisMV
Then QT Q since f is showspun Q is inratitle

because his nondegenerate

Then dit Q det l OT detQT hYdetQ
Since ht Q fo chark 2 wehave C 1 4 1 so his esen B



I Let h.VN 1K be a non deg skew symmetric

fun on a finitedimensional K vector space V with chalk 42
Then 7 basis AS Ei Zi Ein fr V sit

IHei nj Sig flnj.ci I
goHei o il Ii

µ Ei I
Proof By Lemma din V is em 2n for semen C2g
We proceed by induction on n

Bataan ne Pick any E EV IOE choose yfe Vst
Hei 9 fo such 7 exists since he four V

claim IE 3 4 is Li
I 1

Otherwise 7 i LE since E fo so He 3 L O Contd

0

Next we rescale 2 sot R I so HE 3 l

dwell 2 so we are dine HG

I tp Pick 3Ei h E as in the base case

Next consider W 3 ve V r Hei v ftp.i v o

By theLemmon below we house

dem W 2n 2 21n i

W Sp Ei n V

fIw w is um dug skew Sym

Sobythe IH W has a basis 3 Ei Rif satisfyingthe
conditions in the statement The auditions

HE Ej 43 nj o t j I followfrm thedefofW

HI Rj 4h Ej to V j i D



Lemmon Let f be a run dug skew synn form on Velk with

chalk72 Assume V admits zsectors bi Ei h with Heyn 1

Consider W C Ei h 3 WEV GCE W 44 w 04
Then Vs Sp Ei n W G1w w

is run dug

Ioof We start by showing the sum is direct

ClaimL WA Sp Ei 3 306

PyPick w e LE BY EW We show 2 1 0 as hollows

C o f Ei LE TAK L GCE E B GCE R B A 0

O I
0 49 4E Lhlb E 2 2 0

Chainz din W ten V z

844 V K is lunar W Kerf
r ca D

4 Ei Y Gm If so Im 4 1152

By Rank Nullity Theorem demW dmv 2

Chaim h1w w is nm dy
PHY W W't 42 4 i w w't

v 1 her V 1 3 Ll v

Pick ve Ker Yi so frfr a to b WE W

Now he w so h h E f v n O

Conclude 4h 7 0 in V to mince his non dug D


