ALGEBRA I (MATH 6111 AUTUMN 2021) - HOMEWORK 4

Problem 1. Fix a prime number p > 2. Assume G is a group of order 2p. Prove that either
G is cyclic or G is isomorphic to the Dihedral group D,,.

Problem 2. Let C': G — Aut,, (G) be given by g — C,, where C,(x) = gxg~! (see Problem
12 of Homework 1). Is G x¢ G isomorphic to G x G

Problem 3. Let A, B be two groups and G = A x B. Let H be a subgroup of G such that
A C H. Prove that H = A x (H N B).

Problem 4. Assume that there is a short exact sequence of group homomorphisms:

1 A-f.p Yo7 1.

Further assume that Im(yp) C Z(B) (the center of B). Prove that this exact sequence is
trivial (in particular, B = A X Z).

Problem 5. Let Gy and G5 be two groups and G be a subgroup of Gy x G,. Let my: G X
Gy — Gy and my: G7 X G5 — G4 be the two natural projections. Define

Ny :=GNGy; Hyi=m(G); Npi=GNGy  Hy = ma(G).

Prove that NV; is normal in H; and N5 is normal in H,. Prove that there exists an isomor-
phlSHl Hl/Nl — HQ/NQ.

Problem 6. Recall that S, is the group of permutations of {1,...,n} and the length (o)
of a permutation ¢ in .5, was defined in Problem 8 of Homework 2. Show that it induces a
natural group homomorphism S, — {£1} via o +— (—1)%?). We call it the sign homomor-
phism and define the alternating group A,, as the kernel of this homomorphism.

Problem 7. For each of the following short exact sequences, determine whether it is split
and/or trivial. In each case, write a section and/or a retraction. Are sections/retractions
unique?

(i) Recall that SLy(C) is the group of 2 x 2 matrices of determinant 1, and GLy(C) is the
group of invertible 2 x 2 matrices (with entries from the field of complex numbers). The
following is the short exact sequence associated to the determinant map det: GLy(C) —
C*, where C* := C \ {0}:

det

1 — > SLy(C) —= GLy(C) % ¢ — 1.

(ii) Consider the natural inclusion of Z/2Z inZ /47 and the following short exact sequence
arising from it

0 7/2Z ALY 7)2Z 0.
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(iii) Let sign: S3 — {%1} be the sign homomorphism from Problem 6 and consider the
short exact sequence arising from it:

sign

1 As Ss

{£1} —1.

Problem 8. Show that dihedral group D, and the quaternion group Q)s are extensions of
(Z)27 x 7./27) by Z/2Z, that is, we can fit both groups D4 and Qg as G into a short exact
sequences of the form:

1—7/22 — G ——=17/27 X 2.)27 — 1.
In addition, show that these two groups are non-isomorphic.

Problem 9. The following examples highlight the differences between short exact sequences,
split s.e.s. and trivial s.e.s.

(i) Show that the short exact sequence for Qg defined in Problem 8 is not split (Hint: Look
at the elements of order 2 in Qg).

(ii) Fix n > 3. Show that the short exact sequence

sign

1A, —— 5, 2 1)1

induced by the sign homomorphism from Problem 6 is split but not trivial. Conclude
that S, ~ A, X Zy but S,, #£ A,, X Zs (i.e., the direct product of A, and Z,).

Problem 10. Find all groups (up to isomorphism) which will fit in the following short exact
sequence:

0——272/272 — G——17/27Z — 0.
Problem 11. Consider the following set of elements in A4 C Sy:
{id, (12)(34), (13)(24), (14)(23)}.
(i) Prove that they form a normal subgroup in Sy isomorphic to Z/27Z x 7./27.

(ii) Prove that the following short exact sequence splits:

11— (Z)2Z) x (Z)2Z) — Ay —= Ay — 1.

(iii) Decide if the following short exact sequence splits:

1 —— (Z/2Z) x (Z)2Z) —= Sy — S5 —= 1.

Problem 12. Let A, B, C be three abelian groups and let there be a short exact sequence
0 A B C 0.

Prove that if this sequence splits, then it is trivial.

Problem 13. How many (up to isomorphism) groups of order 18 are there?

Problem 14. Compute the following automorphism groups: (a) Aut,, (Z/2Z x Z/47Z), (b)
Aut,, (Z/48Z).
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Problem 15. Decide if Aut,, (S5) =~ S5 or not.

Problem 16. Let B and N < B be the following groups of matrix in GLy(C).

B = {( Cél 5 ) where dy,dy # 0 and z is arbitrary}
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N = {( (1) :f ) where x is arbitrary}

Prove that NV is normal in B (we know this to be true for matrices over Z/pZ by Problem
8 (iii) of Homework 3). Prove that B is a semidirect product of N and H, where H is the
subgroup of B consisting of diagonal matrices.

Problem 17. Let H and N be two groups and «, 5 : H — Aut,, (V) two group homomor-
phisms. Consider the semidirect products A =N x, H, and B = N xg H.

(1) Assume that there exists T € Aut,, (N) such that S(h)(n) = T(a(h)(T~*(n))) for
every h € H and n € N. Write an isomorphism Fr: A — B.

(2) Assume that there exists ¢ € Aut,, (H) such that a(h) = B(¢(h)), for every h € H.
Write an isomorphism Fy, : A — B.

(3) Assume that there exists a group homomorphism j : H — N such that

a(h)(n) = j(h) - (B(h)(n)) - j(R)~",
for every h € H and n € N, where B(h)(j(h')) = j(h') for all h,h' € H. Write an
isomorphism F; : A — B.



