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Lecture Subgroups Normalsubgps

Recalf Ga e group arb GG ta SEG
e mutual element

i Asa arb are a bae ta b c E G

ii Neutral are era a tact unique

iii Irene ta EG Fb EG a b bea e unique

G G gps Y G G gp homomorphism
means 419 5 Y a 415 mo Yle e

4 7 415
Nigroups thosegiven as symmetriesofastructure
Adage Associativity is automatic

Structure a finite set X 31,2 one for n 1 1
Symmetries s bijection T X X

Group operation composition of two maps
X

candy we omit o

Ex Sin permutationson n letters D symmetriesof
n gon

Rambles freegroup on n letters 3 ai an

In words in the alphabet e emptyword

concatenation t cancellations

Eg a a a a a ai ai ai'a Idea a a as
9 az aja Cata aza a as ai ai
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Eubgroefs Ggp

Def A subset HCG is a sutgroup of G it

i ee H H Ets gpii x y EH YEH structurefrom G
Iii X EH x E H

Notation H EG for subgroup

Qbs idalia can be written together as'xyeH xg
Imposition A nonempty subset H ofG is a subgroup it andonly if

for all x y EH we have Xity EH

PHE If H is a subgroup and yet we havey c Has well

Sincettis closedunder X y EH we conclude X y EH
We must show properties i iii

i Since H 0 we can pick an XE H Then take y X

conclude that E X X E H

Cii Tide any yet Sima CEH by i we concludey exy EH
So It is close under taking inverses as we want to show

ii Pick any x y EH Since yet by liii we hateg ett
Therefore x y EH forces x y x ly EH by
our hypothesis We conclude that H is closed undertheoperation

Shub griefs D

Def A subgroup HCG is called normal if Hae G belt

we have a b a E H quivalenty ab a EH

Notation HA G I triangle left in LaTeX



If G is abelian every subgroup HofG is normal

Is the converse true mo seepage9

Q Subgroups from sp homomorphisms
A Yes justas in
Linear Algebra

Def Given 4 G G gp homomorphism

Ker Y 3 x EG Xix e Kernel of 4
Im 14 341 x EG Image ofY
Lemme a Ker Y AG G Im 14K G

Pf as Claims Kerk G

Need to check 3 properties defining subgroups Alternatively we
use the Proposition from page2 This requires us tocheck 2 things

1140 It holds since4 e e says seekerY
I Leave 1

We must show x y E Ker 4 X ay e Kerl

Again fact that 4 is a group homomorphism

Y x g Y x Y g Yax Yay e I eke
XTekery e

Him be Ker Y at G a bae KenY
Indeed 4 a ba Y a EY la

e v
d
be Kerl

a Im 4 G n exercise D
D Im 4 need not be normal

Ex G 318 94 8 g
Glace

1195116 ii 1911 1,1 14,74916
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Obs If G is abelian then all its subgroups are round
The converse is not true thequaternions willprovide an example
see HW 1

ÉÉi set of group homomorphisms G G

UE Hom G G is an isomorphism if F G EHomGG
st lol idol

4 of idg
Def G G an ioc groups write GIG

if 7 YEHom G G isomorphism

We define the following operation on Hmg GG
Y Y EHmaps GG m 4 4 G G

This is pointwise evaluation 8 Yg

This operation defines amapHmgps GG xHmgpslGG Hmg G

Associative because
g is associative

Neutral element 4 G G Y gi e

Inverses Y g Ccg G G is well defined
but it's not necessarily a group homomorphism

Ugh Yesh 4 914 I 41h5 Yj
Y h 418

So to get y gu Y g Y h we need Y a 61cg to



commute This will be true if G is abelian 415

This is not theonly issue we face

Iop YAY is a grouphomomorphism if G'is abelian

PH Y Y
gah Yan Y'g n Mig Yea Y'g YI

Yes 414 418 4 ch

Want 9 459 4 44418.494 n Y's 91g Ma Has
Y g Y g 4th 4Th

Gem Ma ph 4 4 leg Yall'tn it andmy it
4 h Y is YES 4th

This will hold if G is abelian D

Gm OurcalculationssayHmg GG is a group under pointwise

evaluation but Hmap GG is not nessarily a subgroupfor
general G It's not even a monoid it G is arbitrary
If G is abelian we can view Hmgp GG as a group under

pointwise evaluation

Q What if GIG

End G Hom GG is a monoid undercompositions

Aut G isotwiphisms in Hm G G is a group
Gp
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Def The quaternion group Q has group presentation

98 3 é i j I e e it f KEijk é
Explicitly Write e 1 E 1 Then

Q 3 It Ii Ij Ik

How to read this from the presentation

ie ti ie e i commute since ite

i i because 22 1

I j k since ijk k ight's kik
my CayleyTable multiplication table is

hd

Qbs Qs is non abelian

ij k ji K

K F K

a ProperSubgroups of 98 are 3114 is C j k

Ida if you have two symbols say 2 j then you
generate all of 98
is 3 It Ii etc

Obst These subgroups are normal
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Pt Il commutes with all elements

g i g a gig
g j us jig ji l j the j ie i

g k mo ki k kit k j c k i Eci

pthers follow frmthis because I iscentral commuteswith
all otherelements

and g ci l g e g ci g

Conclusion Qe is notabelian all its subgroups arenormal
mo example of a Hamiltonian sp


