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LEI Quotients cyclicgroups firstcountinglemma

Ehime Defined subgroups of a gp G gp structureinheritedfromG

AH G if and only if x yEH x g em

Defined normal subgroups HAG HCG a baeH
HaEG belt

Today quotient groups firstcountinglemma
classificationof cyclicgroups
generatorsof a group
exponent orderofa group

5 groups

GOAL Given He G want to build GH

consider the relation n on G given by X ng if X YEH
lemma is an equivalence relation Mir XH YH

as sets

pay Symmetry Say x g x yen Ey gYEH
Hsubgp youx

Item xox e x x ee H r

Transitive X my g n z Is xn z

X z x g y z E H H E H
b
Hsubgp

D

Def setof equivalence classes in G with respectto

left assets modulo H L XH x EG

Similly If right assets moduloH

setofquin classes in G under
x n'y a yx EH leguintly H x



Q Do Git and or HG have
any algebraic

structure
G

1 Only when H A 16

Reprint Assume HAG Then GH has a group
structure induced

fromthe one on G Explicitly gilt gaH 9 g H

Eq I H GH g H
Thenaturalprojection it G G is a gp homomorphism

9 to gly with Ker la H

Pt Claim Lawof composition is well defined ie

tI sigetIndeed Se ng e gig E H

1 1,2

sans'sis siege EEII.imF
Claim Law of composition on GA is associative

This is inherited from G

Theassertions EH Eq gH g H aredear.D

Elydigroufs
Keatingyample Zt is abelian so everyN Z

is normal
Q Whatdoes 211N look like

Imma Tx Nc 21 Then F ne Z st
N n Z 3 0 I n I 2m
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PM If N 304 then n or

Assume N 309 ht n smallestpositive
integer in N

Claim N n Z

Indeed n ZEN because N is a subgroup
Asshe N I n 21 then n 1 fameN in Z

Pick KEK sit ke my htt kn makti n

o m nk n contradicts minimalityof n

EVENT IN subgroup D

E Hn Iz with lawof composition addition

The above examples are cyclic groups

Def A group G is cyclic if I geGst everyelement
ofG is of the form gm for someone that is

Titties if m o alsonotunique
E

Eigames m

Name g a generator for G not unique

Eg for 21 3114 setofgenerators 421
Exercise Numberof possible generatorsof 2 2 9 n

Here
ng le 31 in 14 god l n i Euler's Phi

function

Éubgroupsgeneratedbyaset
Imma Fix H Hz subgroups of G Then

1 H MHz is a subgroup ofG

e If H AG Hz T G then H MHz T G
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Prod Easy worksforbitary int
no Def Given a set X EG wedefine X C G

as the smallest subgroupofG containing the set X
Name CX subgroupgeneratedby I

Qbs CO p trivialsubsp

Similarly N CK normal subgroup generatedbyX
smallestormalsubj containing X

Det G is finitely generated if I finite ACG with A G

For cyclicgroups G C381 for some g EG

e

2 options 3 e g g is infinite

z y is finite
IptionA G is isomorphic T Z FG nog

Option Pick n smallest positive integer s.t

g e le g g g n l if G he

Claim g e

Otherwise g gl for ocean g te ese g ight
Then n was notminimal Contr

Then G 3 e g g ight e Haz
g g gm mem nd is welldef

Clastic All cyclic groups are isomorphic to

Z or 42 for some nets
infinite finite cyclic



These are exampledgroep presentations generators rebus

Z g C g I only obvious rules gleggghted

4.2 3 0,52 in g I gree I usuallyomitted

g t g s

Effectuating
Def 161 elements in G is called theordersof G

Eg Isnt n I 2 21 n

If HSG then G breaks into a disjoint unionof leftassets

Y at AA choiceofrepresentativesofGl

In particular A is in bijectionwith GH Thisgives us our first
counting lemma

La Assume G is finite Then 161 141 141
PH Fr each g lg H gH is abijection

h to gh
Corollary IHI divides GI

Remark GH is usually denoted by G H indexofHaiG

It is possible for both G H to be infinite yet G H n

Example G Z
4 52 infinite bat G H s a

Def If LG H so we sayH is a finidinexsubgroup


