



































































































































Group Actions on Sets
40

Sofar 1 Defined usefulterms from GroupTheory
Group subgroup subgroup generatedby a subset order exponent
Normal subgroup wind subgp
Left Right assets GH HG Quotient groups

Group homomorphisms Isomorphisms Kernel ImageMgphim
Free group Generators relations Examples Free A Sn Dn

e Main Results 3 Isomorphism Thus Classificationofcyclicgps

TODAY Groupsacting onsets

frontactions

Def LetGbe any group and let X be a settt lft aEofGmX is aset

map G x X X Not GOX
9 D IS 2 g x g y

satisfying

e x X AXEX

ID 9,92 X 9 ga x 49 see G and Xe X

Fora eightday wereplace4 by fit x g g
x 19,92

Ca If G G X then each geG defines a setmap

I g Is X X
x g xIt satisfies

i E e Id y
618,92 x 19,92 x 9 19 X 6cg 6ga 61g 06192 x

iii 6195 06191 3 gig G e Idx by i

we 3 G Aut X ht X X bijection is agphomomorphismSet
symmetric sp on X






































































































































1620Exacts G Glu R G X R by
G x X X matrix multiplication
A E A1

Want to highlight that for all A E Gln R the resultingmap
R A R is not just a set bijection but it presernesthe

Is panmure Ala o Bra aAcro th Ala their
ty.GR

Thus Glu R Autos R

Éabi
ixeda

Fix GOX

Def The orbit of an xe X is the following subset of X

G x g x I X EG EX

Def Thestabilizer ofanelement x e X is thefollowing subgroupofG

stab la gEG I g x x E G

Obs Stabg
need not be a normal subgroup Exampleonpage5

Def The fixedpoints of an element ge G is thefollowing
subsetof X

XS I xeX I g X X E X

Example D GL R hut M
z

s 9 reflection about x axis

P 1 as O sent rotation ofangle Q In
snot as 0

This defines a unique group homomorphism because6 5
GCP 6 SPY Ida

O






































































































































Since b is a grouphomomorphism it defines an actionDPM
Also on X 112431814 Du fixes 8 so we can ignore it

Let us compete the orbit ofapt PEX

t.it Itt
se E's

In particular IP Pcp Pip n H

Du p h p Pcp elp s Elp Sep se pi isEp
23 p pep e p

Claim IDn.pl an E S p 43psecp se p

Pf E It s p P p for some r o on i wehave a repeated
element

If IDn.pl 2h then there is a repeated elements
Anti

Now x spikep or pi p frame kj
BUT SPhp SPJ P tip Pip by A Sothe

only option is X sphp p for some king
But spikepts p ks puts p ej p

s p pits p cute

K s p p forsome r o in t means

Reflecting p about x axis rotationby E
In particular step p
Write p R e

Bi fr off zit Then

Reti Re 1Mt E i
BE B If kit
B Er it






































































































































IDn pl s an e p Re with f IT or

B If IT

GIFT Cos ran

I sunt p ie EY T.IE ap r EIsin EI

In this case IDn pl n since t p pep 87ps Dnf
Q Stabgulp

I sp E Stab p We'll see next that equality
holds since Istabgulp I Iff 21

2

AInatin pj 4 Stabpulp under j o by theorderdescription

spj p p sprep ppppprip j r

Matins nly fix 8
Edm Stabon p s se e c se

Proposition Let GOX
C For every XE X we have a set bijection

G stabgeo Gox
e For every OEG and see X we have an isomorphism ofgroups

Cnj Stab x Stab tox conjugationby
rIstabge

g Ggt
Pred A Define821 pg G G x surjective bydefinition

g to g x






































































































































But g x thx n'g x x a hi'gestabge 1650

So thismap factors through Estabgix

f

tis a bijection

t Ilgstab g x fig

2 g e stabs x g x x o g X Ex

Tgs E Stab Tx

Since Cmj is an automorphism of G it induces an ismwethism
between Stabge Stab Tx D

Eng Lemmy

Def x wax in X ift t get g xx

Claim This defines an equivalence relation

GX X no equinclasses orbits

Easy eatin X U G x 1 1 EylGXxlLEGY
Here LEXis a choice of an element frm the G orbitlabeled byLeg

If G stab Gc G x Stab x Stabalox

follows 161 I G x1 1Stab x1 Fx EX

4 1 1 2 M
neg IStab xx

KC Burnside'sLemma for counting orbits




