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Lecture Group Actions on Sets II

Recall Gagroup X aset we define a leftaction ofG on X as a map

G xx X
ex g x

satisfying C e x x Ux ex
ii f ga X g six UszEG

Kx ex
Equintly G AutefX is agroup homomorphism

8 1 x g x

key subsets orbits stabilizers fixed pt sets

Kit of XEX.is GI 3g.x.geG ex

Stabilize
of XEX is fatty 3geG I g x x G

subgroup but generally not normal
Fix point set fr g EG is 3 xeX I g X X E X

EguiRemXixrgy7geGig.x y
X y in same G orbit

me GN i X partition of X into Equivalence Classes

Write this partition as X G x IN EplGXxl
Here x EXis a choice of an element frm the G orbitlabeled byLeg
Efta of Goniff

LeftMultiplication L G AutsalG
g lgwhere Lg Gc g x tx






































































































































17

Rightultificatin R G Antsy G

Where Rge se g
I Kx

8 Rg
Whyinverse is necessary I We want Rg oRg R g g
lg ga gigi whereas 5,924gas unless G is abelian

sight g p Fan X Y na gbattle's
Y set Y
9 Ga f ex 92 f gtx f gigi x he.gg x

g ga f xe f x Lex

Conjugation Hwi C G Autset G
s to Cg

where Cgbc g xg tx

EPrigatisoffroupactems
There are 3 properties ofgroup actions that arevery useful inDiff'd

AlgGeometryRepTheory Topology C orbifolds quotient spaces etc

1 Free we say a G actin Xisfree if g x x gee
forSmgX

Eguintly Stab C 3ee Axe X

IfG isfinite then all orbits have the same size 161

e Itis We sayaG actinmXistransite if tx ye X
F ge G such that g x y
Equally G x X for all x EX only one orbit






































































































































3 Ethful Wesay aGmXis faithful if GI Dusty
is injective G is faithfully represented in Aut X

Emily g x X Exex g e

Qbs Free Faithful but Faithful Free

Example Q Sn 0 11,2 in Faithful Su Aut Ili int
Free X Sm fixes int

Smtstabs Isn Transitive induct on n

Du G R 6,9 Faithful r

Free X 7 orbitsofsize n 111
Transitive x therearemanyorbits

G G GH by gigH gg't Faithful ExerciseFree
Transitive

ring Lemmat
Our first objective is to count the orbits of GOX

If G stab Gc Gox Stab x Stabalox

follows 161 I G x1 1Stab x1 Fx EX
b 1 1 I MstabyalKEY

Example She 31 n4 Only a orbit X

Stabs.lu Sn i Sn 1 1 ifeng.pt iD
Our first main result is the following
























































































Bnsd Frobenius1887 oforbits average of fixed pts

I Areprecisely IX Ig IgX1 g Ex state

Prof Write F 3 ga EG XX I g X X EG xx

I IClaim IFI
Jef 1

81 incidenceconest

PH Sum our 1st Component Fixg g x EF XEXT

Claims IF I E Stab I
XEX

PH Sum on 2nd component Fixx GRIEF gestabgx

Combining the two claims
X Idf

1 1 21 4 E stab I FI TggtfStf

II LEIEG.is Lxlis oxas

I EMI 181 D

EApplications

Pick u antarctic of n di ear ait tar n ait f
X setof all of partitionsP W UP of si ul with IPitai

Eg n 7 3 2 2 Pll 3 1121 2 IPs1 2

Then Sn G X this action is transiting oneorbit

Stabs x I Sa x Saz x x Sar with wordwisemultiplication



If I I fix Istab in l I II ai aa ar

I IXt ai ar

Eg Stabs 8 31,234039,5436,147 83 82 52

HI 151
I stab x 3 1.2

In general weget the formula leaf
partitionsof 31 4 with r parts ofsites di dr

aptPil di fi d t the n

Consider GB G by conjugation

For XE G the stabilizer 3gEG I f xg tx is also

called the centralized Wedenote it by Zg x

G orbits under conjugation are called conjugacy classes
Write theset ofall theseclasses by 6

Qbs For each ge G the set of elements of G fixed under

Cg is 6,19
Indeed ghg the g hg h e hg she hgt g heggs

By our counting lemmas

161 2 IG xxl Ey 1 31Egg
G Fuat

HEY
161 I 164 E IZag Il161 EG

goTclasses amage ofelementsin acentralizer


