



































































































































280L SylowTheorems

Fix G finite group acting on a set X G C X
CountingLemmas L 1 Gl I G x1 1Stable Fx ex

12 1 1 Eff IG xx I E
KEE Tal p

BILI
Frobenius1887

IN Gf EglXfl Ha Fix state
s prato pigroups p positive primemember

Def A group G is a pimp if G ph frame k 21
Eg G Ephy

is a p group

Lemma Let G be a p group acting m a finite set X Then

1 1 E IX GI mod p
Here X G Aq

XS 2x EX g x x Ige G e sizes
orbits

Prod ByCountingLemma 1 1 2 16 x 1 1 9 2 IG.gl
LEI P LEI

orbits

olsisel.bg
IN E 1 9 141 since i G xal I 161 p

Ihop given any prime pez me 2 wehave Ppt Em welp

Proof x Induct on r

e Use group actions Take G Zzz X 3 Xi xml
anysetwithinelements

E setof all p element subsets of G XX m let Ppt






































































































































2820GO G XX by T g x 5 g x

So G C E by J he s yep Tea Tea Tepe
axioms for left action are satisfied E E v

ByLemma El of orbits with exactly oneelement modp

Let's counthow many suchorbits we have 2 entryofeach memberofthe
orbit is fixed GGG is transitive

Orbits are Is x SEG 319Xo geG 11gxrnl.geG
m of them

We get Pimm 1 El e m mod p D

ES ylow.TL ms

Fix p so prime write n p'm with m p l

Let G be a group of order n

Definition A subgroupPCG oforder P'iscalled aSylepsubspotG

I glowthures A Sylow p subgroups exit

Bl If HC G is ap group then there exists aSylowp subgroup
R G with HEP
B2 Any two Sylowp subgroupsP Q G are conjugate to eachother

lie 7 ge G with Q gPg
c Let up

numberof Sylow p subgroupsofGThen hp et modip
limp lm

We will prove these theorems using group actives Analternativeproof
willbediscussed in HW3






































































































































Éwofof sylowthma
1830

Let 8 YC G subset 141 Pr m p Sylowsubgroup astabilizer

G E E induced by leftmultiplication actin GE G ie

givengEG 4 321 Yp E E mo g Y g y g gp E E

ClaimThereexistsXE E whose orbithas cardinalitynotdivisibleby p
PHBy TheCounting Imma 1 181 E IG Xal

LEAF
By Lemma pager 131 Pfr I m welp
But m to modp so pt GXal for some L D

pick X him the claim let Hx Stab X G
Then IG X I 1,4g to mod p Thus Pr Axl

byClaim
To finish choose x EX and defineY Hx X at map

Y gtx bydefinitionof
The map Y is Injecting since gro thx in G goh

stabilizer

IHx E IXl p
Thus I Axl p and hence Hy is a Sylow p subgroupofGD

EhPooff_SylowThioum

lBDLetHcGb.e a p subgroup of G so IH ph with her
Let Q be a Sylow p subgroup of G which exists byThem Al
We consider the action ofH on thesetXG.IQ h gQ hgjQ

By Lemma page XH E X1 welp As IX m 0 welp

then XH 0 so F gQE X that is hgQ gQ then






































28
We conclude g hg EQ the H so H e ga't
Take P gQ's Since IgQg l QI p thenP is a

Sylow p subgroup ofG H EP

B2 To prove B2 we take H P and Q any p Sylow subgroup

By Bi we canfind gEG with P e gag 1
But since IP p I gQg then P gQg so Q P

are conjugate to each other D

Obs The proof ofSylowThu A is not anstructure inpractice butthe
proofofSylowThin By yields a potential algorithm Start with an x

of order pk for some k 0 set H x Then trytoadd
elements to it again oforder a powerofp to extend Hto aSylow

p subgroupof G

EPooff Sylowthnd
Let S betheset of all Sylow p subgroupsofG
By Them A I 0 By definition I Ll up

By Them B we know that G B L by conjugation is transitive
K Q x Q x 1

Consider P e L restrictthe action to P G L
Claim LP 3P

By Lennie pager I LP E I FI modP ThusClaim yields

up 1 Ll 1 LP I modp



ProofofClaim By construction PEI so1101 Fix Qe LP
Q is a Sylow P subgroupof Gwith xQx Q Kx EP
Define Ng 3gEG gag Q G normalizerofQing

Stab Q underactionbyconjugation

ThenQP C Ng INal 1161 p'm so P o auto

Sylow p subgroups ofNg
By B2 P Q an conjugate in Ng so t xena with
x Q x P But Q x Q sima KeNg
We conclude P Q B r

It remains to show that up Im To do so we consider GPL
by conjugation This action is transitiveby B2 Chose PEL
Use Counting Lemma I

np 111 1G Pl Iggy Npl
Since P Np G INpl p'm for some m lm
Then up my

so up m
D


