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Lecture SylowTheorems II

Lm DiscussedSylowThus

Fix p so prime write n p'm with m p l

Let G be a group of order n

Definition A subgroupPCG oforder P'iscalledafylepsubgpot.GSglowthures A Sylow p subgroups exit

Bl If HCG is ap group then there exists aSylowp subgroup
R G with HEP
B2 Any two Sylowp subgroupsP Q G are conjugateto eachother

lie 7 ge G with Q gPg
c Let up

numberof Sylow p subgroupsofGThen hp et modip
limp lm

Qbs A can be strengthento arbitrary powersofp seeHW3

A There exists subgroups H of G with IHI p forall isa.gr

012 original proof ofSylow went through permutations matrices Ip
seeHW3

steps GC St Glut p
9 Y P a

Step2 Gln Fp has a Sylow p group g ti dijettp is icj en
Here IGenl p p

t
M where pin I

Hw 3 n 2 p 5

It 3 HEART If GL H p1161 H has a Sylowp subsp sodoesG
Obs3 Cancount up for Gln Fg for anyfinitefieldFgofcharp Eph
see

up q gut 1 n f factorial
member

HW 3 Fr n 2 q p 5 we have N 6 1 5 1 2
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EA pple Classifying simplegroups

SylowTheorems an often used forclassification of finitegroups
In particular they can help us find one nontrivial propernormalsubgp

If so e HA G m Gg is group of smallerorder

Definition A group G is simple if ithas ne nontrivial proper

normal subgroup

Lemma Assume G has a unique Sylow p subgroup P PIG
Tis not apgp Then PA G

Pwd By Thu B2 gPg is also a Sylow p subgroupFgEG
Since up ti we andude gPgt P gEG so PA G

Importing There are no simple groups oforder28

PH 161 28 287
me

melt n

By the Lemma the Sylow I subgroup P ofG is normal

proper untrinal So G is notsimple

Import There are no simple groups oforder 224

Pf IG 224 257 II n mod
not r

na 17

CASE I na 1 Then by the Lemma Sylow z subgroup PA G

te P P G so G is notsimple

CEL nz 7 se 1Syl G 1 7

By Thu B2 G B Syl G by conjugation



29
Thus wehave a group homomorphism induced by conjugation

4 G AutsetSyl G S 141,19 89.5
sizes 224 21 5040 A QESyl G

Chaim 4 is notinjective
Pf If so G E ImY C S so 224 5090 Cental

25 5040
Claim Y is not trivial
Pf Ker Y G means G G Syl G is a trivial action

but we know it's transitive Syl Gl 1 Cute

Cna Ker 4 a G Kerk e G so G isnotsimple
D

The last usual trick is to ornamentwhen some up 1

Impose There are no simple groups oforder 56
P.fr 1G1 56 23.7 7 1 mod

n asFCC h 1.8

KASEL n 1 Then G is notsimple PE Syl G works

CASE 2 n 8 Write Syl G 3P Pol
EatPi has 7 elements
PinPj see if it j any icePinPj x e will generate

bothPi Pj
E Pi has 7 1 8 98 elements oforder7

Then H G EPi Usee has 56 48 8 elements

Claim H is a Sylow a subgroup ofG son 1 G isnotsimple

If QE Syl G then Q NP 3el dues are coprime
so Q E H but 191 1141 8 so Q H D

Qbs One example featuring all tricks in HW3
If IG1 60 223.5 G is simple thin 45 6 N3 10 42 5
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gasification ofpeepsoforderp
G If H see is a pgroup then its intr 2 H is nontrivial

Pf Consider HGH by conjugationThen H 3xeH hXh x the H

So 1H E H1 0 modp therefore PIECH H
since EE Z he I 2 h 0 we andude 12 H I 71 D

Qbs Z H A H is a normal abeliansubgroup

We can prove that groupsof order p are abelian we canclassify them

Preposition If 161 p thenG is abelian Furthermore

G 42 4
Pf By our Lemma Zig or p In the latter case G ZIG

G is abelian In theformer case Gza p so
pz

is cyclic But HWI Problem18 implies G is abelian so 121671 P
To finish we showthe classification ofG cut

LEI F gEG of orderp Then 6 5975 22

2 Every um identity elementhasorder p Weclaim

G E 42 X 42 Coordinatewisemultiplication

Pick any JEG YEE any GEG KD Then

co
z

56
z

Check CT 67 G because pa 1st 6 lol p
Lt I 67 A G because G is abelian
Co no 3et otherwise the bi p lgwith

6th ECT But o 2k p because Kip I so

oh L 67 Ect Contradiction
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and G E so x 67 I Xp x

Hpe
that ok ze

this isgp homomorphism surjectiveby D

Obst Proposition fails for 161 p eg G Q or Da

012 a uses that G is abelian But we can getbywith less

gWeonlyneed so C 67 to mutually commute

2 Weneed only oneofthemto benormal
These two conditions will lead to semidirectproducts nexttime


