



































































































































113Lecture13 ZassenhansLemma JordanHolderSeries

Latime Discussed composition series
A Emporia ofa groupG is a finite sequence of subgroupsofG
Z G Go 2 G 2 3 Gu hee

such that Git a Gj is normal for all j a ok i

Graded pieces gri G Gig of islet

Refinement add terms to theampsitinseries while remainingme
Equivalence Samenumberofterms

gradedpieces countedwithmultiplicityupto permutation
uptoisomorphism

today Proof I Schrier's
Theorem

Discussmaximally refined ampseries JordanHilderseries

I Schrier's Theorem Zassertions Lemmon
Theorem Schrier Any two composition seriesof agroup havea commonrefinement

Et G 462 E E z z z z se

uh thiralena

Ez EE 2462 2 2422239
shaded pieces 21

22 21
32

E Ea are equivalent n'a
TE Sa 91,6 Not ga

E
Si E go 2

Proof Write 2 G Ho 2 3 Hu hee

E z G ko 2 2 Kp let
Ida Fr each 2 0 n t use Ez to insert p 1 many groups
H's in between Hi Hit m get E finer than E

Similarly use E to insert n 1 many subgroups KG IIbetween Ki Kit
get E's finer than E

Show E E's are equivalent






































































































































Define H's Hit Hi n Kj 1 K'ji Kit Hink
i D yh
j o op

Itchen that Hi Hi Hip Hit K'j o Kj Kj n Kit
H'is it Hi j K's it s K's i t i j are subpoops by

3rd Iso theorem Hink Hi HitHi Hi Hi H'sjt EH
Weneed to check these subgroups are normal K's it Ek'j i

Claim i H'i it A H's j Kj it T K'ji
ii H'in Hi jt

t J
Kj it

To simplify notation write H H D H Hit
K Kj K's kit

The claims will follow using Zassenhaus Lemma D

LemmalZassenhaust Fix a group G H K two subgroups of G
H's H K's K Then i H HNK A H Hnk

K HNK A K HNK

III.FI fI
Prod The nextpicture outlines theproof

Y K
H Hnk K knit
I I sit D STEP 2 symmetric

H HAK K KAH

IF
n LHMIHHIIEHinkl.lkntD K

H'NK Knt



STEPI Hnk KAH a Hnk 4330

This is true because H'AH so H nK THNK By 3rd Iso
K I K S K AH A HNK

Hnk KAH e HNK lase Hnk stink K'AH Hnk

But stink Kinks stink s stints s nkik'nH fogethk
so Hnk K AH SHAK

STER H CHAK A H Hnk
This followsfrom a wee general statement

Emma If G is a group G Y NAY Ga Gi
then NGA N G
PY GN N G L G G N NGSG by 3rd Isomorphism Thin

Thenxis In Sa Is n s n n's n gi s ng Is n gills gsills n g
EN E N G G EN

KS EG n n E N Sz EG
K E N N GN NG N N NG NG SO GN A G N D

Ah protofthelemme
let IT G 91N be the natural projection E TilGal

Restrict IT to G toget IT G 5 hence GI I Ga
is a normal subgroup of GT because IT is surjective

Now consider the homomorphism definedby
G N E Gln
L G N GT

Then 2 E G N is the inverse image of a normal subgroup
hence normal D

Then STEP 2 follows bytaking G H N H G H Ak Ge Hnk



y g
213

STEP3 Usethe 3 Isomorphism Theorem

IIHF Ignatian I fitness
Claim Hnk A H Hnk H n k K AH

PH HAK KAH C Hnk n IH HNK is dear

Conversely let K a b e H Hnk Ahnk with a ett be link
fink

a x 5 e Hnk HNK E Hnk

a e H n Hnk H n k

Thus K ab ECHn k Hh K D

Swapping the rolesof H K H e k combinedwith theChaim weget

Elif the
Hnkcanty YHWH

EIE.fmIIm7Itun series Z G Go G a z Gu hee
is said to be a JordanHoldersee it

C E is strictly decreasing ie Git GG t j a in i

4 There is no strictlydecreasingcompositionseriesdistinctfrom Eand
finer than E

Proposition Acompositionseries E of G is Jordan Holder or JH forshort
it andonly if get G is simple forall i a out

Bennell 3el is notsimple G is simple if HAG Hotel or G
Proof Note that a composition series is strictlydecreasing itandonly if noneof
its associated quotients is led



Let 2 G Go 7 G 3 7 Gn 3et be a strictly decreasing
composition series that is not JH Then thereexists a strictly decreasingseries

Z finer than E Theis wecan find it n n where Git I Gi are not
consecutive in E That is thereexist intermediary normalsubgroups

Git F theQ H F H Gi
In particular Git AH since Git A Gi Git H CGi
Hence

Hyon is a nontrivialnormalsubgroupofGig so ni G isnot

simple

Conversely assume 2 G Go 7 7 Gn set is astrictly decreasing
composition series one of whose gradedpieces say Gilgit is not simple Bythe
second Isomorphism Theorem a proper nontrivial normal subgroupofGig
is ofthe form tyg for some intermediate normal subgroup

Git H'T Gi Thus Git F H A Git
Conclude E G Go G I 2 Go 7 H 7 Git 7 3Gt he
isfiner than E so I is not J H D

D A general group G need Not posses a JH series

Ex Z 222 742 2 821 2 7 Gk 2kZ 3 cannotterminate

However every finite group G has a Jordan Hilder By inductionon Gl
Moreprecisely pick H maximal among allproper normal subgroupsof G
recursively let Ant bemaximalamongpropernormalsubgroupsof Hu This

procedure must halt in atmost IG1steps thus forming a JH series

Theorem Jordan Holder Two Jordan Holder seriesofa groupG areequivalent

Prof Let E Ez be too JH series of G By Schrier'sThur we can

refine them to E E where E I are equivalent
O



As E LandE z is JH E and El iseither identical to E respÉj
or it is obtained from E resp Ez by repeating someterms As theseriesof
quotients of E E differ only intheorder of the graded pieces after

removing all trivial quotients the same istrue for E Ez A

EI G 462 E 462 7 2132 734
Ez 2462 2 2122 I beg JH

jaded pieces p G 2422 p G

MF G 21
32
Not G

Corollary LetG be a group that admits a JH series It E is anystrictly

decreasing compositionseriesof G then there exit a JHseries refining E

She proof Let Eo be a J H seriesof G By Schrier'sThin we
can find Eo E two equivalentcomposition series refining Eo E resp

Theproofof JH Theorem ensures that Ed is JH so E is alsoJH

Example G Ypg k i gradedpieces forJH 42
Cg simple orderIpk

Go
2154 iz g fuzz eggs z Get

Exantle G 2
2 How to build a JH series for G

If u is prime G is simple so G 23 ee is JH

If u is notprime write n pi peer prime decomposition

G 4pm x

4g Yin 4 Yg

Epi x x Gary



G Go 76 4,3 Ga 4,1
2
2654,22653

ampseries with graded pieces p groups

we can refine each Gi ftp.t
76

ftp.t.tk
by lifting a JH series of

py.it I use Example 1


