
 
Lecture14 Derived Lowercentral series Solvable Nilpotentgroups

Lasttime maximal composition series Jordan Holder
TODATZ descendingseries buildoutofcommutates y

deemedsees us solvablegps

Lowercentralseriesmsnilpotent

IDerived Seriesofa group Solvablegroups groups

Recall G G saggy a beG commutator subgroupofG

Definition firm A B G we consider

A B Caba 5 aEA be B

Lemma If A B A G then LA B AG

FF n all ge G CEA be B EA eB
g aba b g gag gig ga g gb g J gag gig

GA GB E A B D

We will use commutators to define a composition series forG in a recursiveway

Corollary Wedefine recursively

D G G D G D D G ID G D G
Then each D G is normal in G and D Gypsy is abelian

byProblem 11 HWI

Definition The sequence EG D G 2 D G 2 is called the
dirinedseriesofG

QT 2 a ampsitionseries ANeed DMG bet forsomew

Definition We sayG is solvable if thereexists no with DIGI Let
Eguir D G Z D G 2 D G 2 3D G 3ed is

acompositionseriesforG D
Gaggi's

abelianAj



Remarks The term solvable originates from GaloisThury
Math6112140

Do G Sel e G is trivial

D G 3eE E G is abelian hence all abeliangroups are
solvable

Maxmples abelian gps p groups next time

Example G D D n S p which is abelian

34 s e Ses p s est e
2

sp pi spies pi pi spitsp is p j p j
set sp's se sp's spi spi e pi

i
p is e is

p
J Zi

p j palj i
Cei ei e

So D G Dn D G Ce 2 D G 3e4 Dni's solvable

La The groupof upper triangular invertiblematrices is solvable

Eg B is 3 81 and Ed be A

IB 11 x ed

FCB Let

Pff Assume D B is as claimed then D B s A abelian

D B hehe

We prove theclaim for D B byexplicitamputation

A 183 A 1
AA A'A's alia 8 1 dat
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adat tag b'at dod b'd b a

Iid aa odd aa l b'atbd b'd ba
dd aa

f p
x

z
b'la d bla d

D B ft x et e A abelian

Imposition If G is nonabelian simple then D G G forall n o

so G is not solvable

PY D G Lee otherwise G would be abelian
D G DLG GD G A G normal D G G preden

Ex Do Sn An and Anis simple for n es so Su is not

solvable for u s
mmabelian

Pf Assume An is simple for u 35 nextweek Then

Cr 33 060 6 E An fs all r Z D Sn C An
Since Sa is not abelian D Sn see
D Su I Sn D Sn T An forces D Su An
Dm Su An fr all met Eeg

Is This will be used to show that quintic orhigherdegreepolynomials
cannot be solved by radicals unlike quadratic polynomials index

2 LowerCentral Series Nilpotent groups

We now define a new sequence involving a new commutate

Set C G G
C't G G C G the IG if C G AG

By induction m n we see C G A G tu



y
Lemma C't G C G so C't g a C G

Pff C't G L gag so geG REC G C G
EG CIG

since Cut G T G we'andude C G A C G D

We build the sequence

6 G C G O C G O E G O lowercentral
series

Definition G is nilpotent it 7 no such that C G 3el
Equivalently Y is a composition series forG

Examples 11 G abelian C G G G L nilpotent

4G Dn C G CP D G

C G IG e Csp PD j1 1 1 5897
spipzippi p2J spaj sp 2J pUj

C G G e4 L p

By induction Cat IG pain Am 1

Gru Dn is nilpotent it and only if u is a powerof2

1pct Nilpotent groups are solvable To show this weneed some
preparation

Remarks Y satisfies thefollowing properties

a G C G C't G tu
C G TG tu C G a C G tu

2 C
Lynn g

is abelian th

because C G C G E L G C G C G V

3 C G G G D G



9 C G Cm G C C G Exercise Hws
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Dl G E C G forall l so

Pf True for 1 0 1 1

D't G Be G Dl G E CIG CCG ECAGt
get G

Corollary Nilpotent Solvable

D Solvable Nilpotent leg D is solvable butnotnilpotent

3 Morecharacterizations of solvable nilpotentgroups

G is solvable F amp serieswith abelian gradedpieces

IF G is nilpotent if and only if it has a composition series

E G Go 2 G 2 3 Gn 3et
with a get G Gj is abelian Kiso in i

2 G Gj C Gj A j a in l

Nexttime Proofsof these statements

P groups are nilpotent

Sub quotients of solvable nilpotentgroups


