
 
Lecture 5 Derived Lowercentral series Solvable Nilpotentgroups 50

Recall Ginn G we define a descending series

Q G Do G S D G G G D D D DCG D derived
series

with b G G D't G D G DJ G Dj o
Y G C G o c G G G o C G G C G o tame

seriesIth C G G Cit G G CJ G Hj o

KeyImpiety DI G E CI G City DIG AG tj

Def Agroup G is sale if D is a compseries DLGkgfn
nilpotent f G selfSmu n

Proposition All nilpotent groups are solvable but D is solvable not
nilpotent

E G abelian isnilpotent and solvable

Sn not solvable for u 5 I Anis simple un abelianfor n s

Dn is solvable In but nilpotent only if n 2k for smile
1 Testing solvability nilpotency via composition series

I G is solvable F amp series with abelian gradedpieces

Ih G is nilpotent if and only if it has a composition series

E G Go 2 G 2 3 Gn 3ed
is abelian H j o inwith a get G

Gj.tl
a G Gj CGjt t j a in t

Note 2 I since Gj Gj C Ggt
Proof Thai Easy since D is a amp seriesofG with abelian

graded pieces



Write thecompositionseries Eas G Go T G T g Gn Et
We will show D G E Gj Fenby induction on j In particular
D G El el so D G 3 E G is solvable

Baseness je o is clear since D G G Go

Inductirestep Assume D G C Gj j n Since Gj g
is

abelian then D Gj EGGj E Gj
So D't G D BIG E D Gj EGja as we wanted D

DJYG D G Gj Gj
InoffI G Easy since G is a amp seriesofG with thedesired
properties by construction t e i

It's enoughto check that CJ G E Gj tj o on

If so then C't G e Gn 3ed

Theclaim follows by induction on j
Base j o C G G Go

inntep
Fix j 0 assume CMG EGj for jan
G CJTG E G Gj E Gj by e D

IH

she quotient

Q Whathappensto sub quotientobjects Equivalently to ses

If Hc G then DI H E D G CHIH E CHG Dj o
H G F q finductuj

Ropsitial Let G be a group NAG Then G is solvable

it and only if N G N are

Equivalentstatement A G Ga G I ses

Thinfissolvable a G Gs are solvable



abelian
so Dn isExampleG Dn N te A G G 422 both solvable
solvable

Proof First assume G is solvable pick n o with D G see

Then D N E D G 3ee N is solvable

If I G Ga is the natural projection then

I DLG IT EG GI I TCG I G D GA
Igphim

Thesameargument yields IT D't G D D Gn D't Gn
So D GN IT fel 38 thus Gin is solvable

E Now assume N G N are solvable ByTheorem I wehave
composition series for N Gn with abelian spadedpieces
E N No 2 N 2 3 N a bed 1 abelian ti o ok l

E GN E 25 3 3 Is 3eat Gjq.tt j
o is 1

Set IT G GIN Gj I Gj tj.no is liftingofE to aserieslobendingin N
so Gs N Go G Gj 78 tj 8

8 1 5,5
b

g ySet Gst Ni fr i is ok Then

E G Go 2 G 3 2 Gs N 3 Gst 3 3 Gstk 3et
s a ampseriesfor G with abelian gradedpieces ByThem1 G is solvable D

Proposition2

Subgroups andquotients ofnilpotentgroups are nilpotent
Same proof as for solvable groups
G is nilpotent if andonly if there is a subgroup ACK G

with Gla nilpotent
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Prodof Weonly needto show E Consider IT G GA
AA G because A CZ G pick u with C GA leg

Claim IT G Ch Ga for Kd in

ProdBy induction ink

II IT C G IT G GA C GA

Inkster Cht G L.G Ch G so

TICK G IT G THG YEAC GI
Ck Gla In

particular ICC 857 ME GIA LEE C G CA
KEI A

By AC Z G so C G EL G A SEE D

A The best statement fails it A is notincluded in ZIG
ie if A G Ga G Il ses then

G G nilpotent G is nilpotent

Example Ga 81 aid EQ bed

seeHW5 D direct computation

G 67 Red v9

GG I axe diagonal entries

G Gygax nilpotent theyareabelian

Ga is solvable but not nilpotent

Corollary Every pgroup is nilpotent and thus solvable

Prod By induction m ka with Gl pk
action 1K Ge4pz so abelian hencenilpotent

CCG GIG Lee

Éi É g see so 2 g p is sek
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CASI ILG Z G then G is abelian hence nilpotent

CASI Its k then by inductive hypothesis Z G is nilpotent

I G g p k S K so also nilpotent

By Proposition2 G is nilpotent D

Tha Only finite nilpotent groups are direct products ofp groups
More precisely given afinitegroupGthe following statements an equivalent

1 G is nilpotent
a Every pSylowsubgroup of G is normal
3 G is a direct product ofp groups

Proof 1 a Pick H a p Sylow subgroupofG IL H G
then H TG Otherwise we have H EG
Claim Ng H G normalizer of H is thewholegroupG

ByLemmaz below we have H f Ng H To prosetheclaim weargue

bycontradiction assume Ng H GG Then thesame lemmaapplied
to H Ng H gives H E Ng 1H NING H
We show that H T Ng Nolte whichwill lead to a contradiction

namely NG NG H ENG H H H E No No H

To prose HA No Nolte weargue byexploitingthefactthat His
a p Sylow group of both G Ng H I 11411 INoth 11411161 so

161 Ino tell involvethesame powerofp namely 1H

Someobservatin

H A Ng h so H is the unique p SylowsubgroupofN H

if heH ge NglNglH we have g hg e Noth
NI H



But rdulghg order h is a powerof p so it's contained in the
unique p Sylow group H

Conde g hg E H H gENG Ng H so NgIngH Engh
Since Ng H E Ng Nelle weget equality so

H T Ng H NG NOCH

2 3 Wewrite lol p psts

Pick Hi H the corresponding unique p sylowsubgroupsofG
We claim G E H x xHs by induction ms

First notice that both groups have the same order since all pi's
are pairwise coprime
Second notice that HssG by induction m s we get
H H Hs G generalversion of 3rd Iso Theorem

Furthermore H E H X x Hs Iby induction on S since
eachHi is normal inH

This gives IHI Gg
so HAHs 3eE sizes are

coprime

To finish we show H T G This follows by a direct amputation
since all Hi Hs T G for each hi c Hi get wehave

s heh g Gh g shag ghs g EH tis H

typicalelement inH

Then we have H H T G HAH 3EE 1HHs1 161
so HHS G This is the definition of direct product
G E H xHs I H x x Hs each Hi is a pigroup

3 i Show that a direct productofnilpotent's is nilpotent
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Key slipsfr thot

Lal HW5 If Ni Na T G G N C Nz CNI then
wehave NCH I N H Arall HCG
Lemma I Let G be a nilpotent pouf H EG Then

H E Ng H I SEG stgEH

Proof Since G is nilpotent the lower centralseries satisfies
G Go 2 G 2 2 Glee

with G Gj C Gjti Gj AG Kj
Since G Gj C Gj CGj then Gjt HAGjH Vj by lemme
Weget G Got 2 G H 2 3 Gutt H

P T T
yFix k to be the largestindex with Gk H GuH H

Then H F Gutt and hence NgH GkH H aswewanted

Corollary We understand Jordan Holder seriesoffinite nilpotentgroups
concatenated JH series of each p group appropriately


