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EDefinitens
Def A ring R is awn empty set togetherwith two operations

t Rx R R addition multiplication

and two distinct elements o I ER satisfying
R t o is an abelian group co neutralelement

R I is a multiplicative monoid with identity
elements closed under a but need not have inverses

fr all elements in R
Multiplication is distributive our addition
a btc a b ta c

Utc a b at c a ta b c in R

Dem R 3 xeR such that x has a multiplicative
inverse ie x y y x 9 has a sole

I R groupof units of R withmultiplication

Qs If multiplicative inverses exist they are unique so

we write x for the inverse of x ell IR
Qbs o is nerd invertible 0 x 041 m U R R lol

Qbs O x o for all XER Ott X O x I X MIKEY
Example Z Q R G Enz
DirectProduct If R R aretworings then

R XR z 3 x y X ER yeRay
becomes a ring with componentwise addition multiplication
Morexanyles Mnxn R nxn matrices on R usual

formatrices
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RolymmualdingsonI
Gisen R ring X variable Rex ÉoajxJ ajeR no
is a ring
Adding iampmentwise degreeby dupee

Ey ay x t I bux É Raj bj xJ
when a j

o for Na je mex N M

bj o Maj E

Iultiph If aj x E.b.mx EEfaibe it x
with the understanding that a i o ti M bn o tu N

this rule is imposed by distributive property definitionof t

Inductively Rex Xu Iq hfgn

Em as I I xi xia xn

finite degree x2 121 2 t thn

Importantly pestrings
Let R be a ring
If R is said to be commutative it ab ba ta be R

R is said to be a divisionring or skew field if RER of
R is a field if it.is a commutative division ring
R is an integraldomain if R is commutative

Ha b ab o a o or b o

In general if for a Riotthere is b 0 in R with ab o

we say a is a zerodinson Integraldomains anmutativetNo zerodivisors
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Example Zz is a commutative ring
If n is nota prime number say n n na the residue

classes of n nz in Ky are zero divisors

If his prime then Zaz is a field

42 45 god m n l

Why Euclidean Algorithm gives am but for some a biz
so aim I Conversely it am I nod n wehave

n am I so am i n k for some k 21 m am tutte

fed m n 1 dlm dl n d lament k 1
sod 11

EubringsaIdeat
Fix R a ring

Def A sang R of R is a subset R'CR containing oil

that is closed under addition additiveinverses multiplication ie

If a b ER then at b a b ab GR

so R is a ring with inherited ring structure

Def Let da be a subgroup of the abelian group R too
We say A is

aliftided of R it fr ER aed r.ae a

arightidal MR are a

an ideal of R if it is both a left a right ideal
Example All subgroups of 12 2 it o are ideals



For Rex Ligi tie Rex g gilt
is aleft ideal of Rex generated by g gu
AUpperTriangular 2 2 matrices 9 4183 a b d EA

A is not a ft ideal
E a

Ed
A is not a right ideal

6 133 e
ell

Lemme It 3Ajk je is a set of ideals of a ring R then
so is Ifj Similar results hold fr leftor right ideals

PG Enough to check it's a group closedunder left right
multiplication byelements of R D

QuotuntRings
Let R be a ring acts be an ideal We consider the

set TY viewed as a quotientofgroups with inheritedgpstructure

We endow this set with a multiplication
atelian

ate b a abt a
Obs This is welldefined

If a toll a t A meaning a a ell so a at
d

b t d b tell b b Ell so b b tyea
a b atx bty ab xb tay t Xy

a
rightideal left

ideal

so a'b al Edl meaning a'b t d ab toll aswewanted



Def Bee with t as defined abose is aring called
the quoting r rending of R modulo d

OR a Ot A Distributive laws are valid becausethey

Mee It A reflect these in R


