
 
48Lecture Basics on Modules

1 ModulesDefinitions examples

In what follows weset R an arbitraryring
A a commutative ring

Def Left and right modules on R
A left up right module M resp N over R is an abelian

group M resp N together with a bilinear map
Rx M M I up N XR TN

such that i m m Haber

G b m a bmy
lust n i n

n a b na b IE'd
Bilinear means linin oneach component

at b m atb m a m b m

a mtm is a m tm a m t a m

Note I a om a m a f m from bilinearity
OR M On for all meM

Remark A more economicalwayof defining left rightmodules onR
would be to have an abelian group M usp N and a ring him
d R Endgp M Insp ROP

Endgp N

Iits Mcr this I same as R as an abeliansp
d is X r od s a b inROP b a in R

where d r M M at PH N N
n n s

M Is r m

Qbs When the ring is commutative left right so we simply in theterm model
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Exactly ACR left ideal is a leftmodule R

right right

Every abelian group is a module on Z

n m
mtjtm_m for neo r n m n f m

for neo
An 1 M R up N R is a left t resp right module

over R
R a field Q R E I then finitedimensional vectorspaces oxen Rare

left R modules
2 Homomorphisms ofmodules

Let M Ma betwo left R modules An R linear map orleft
R modulehomomorphism is a homomorphism ofabelian groups
L M M such that fl r m r f my f re R M EM

Write te Hom M Ma set of all R linear mapsM Ma

E Hamp M Ma has a structure of an abelian sp
G g e Hmp Ma Ma then ft g E HomeM Ma

via tg em him t g me q
gem them g t f my

If R is commutative HMRMiMa is an R module

We have theusual notions of submodules submodulesgeneratedbysets

quotient modules kernels images In particular we have the

3 isomorphismThins HW6
M
É Mz

ginstIITm F M Mz me I f
R linear Myke f g Imf

I is an R linear iso
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TIME Mi a set of left R modules

if Mi 3 Xi ie XieMi ti
xi o fr all but finitelymany ie

I

is again a left R module with componentwise operations

tidiest Yi ice Hit y i lie
r Xi ice

r Xilie I

UaPropirty
Given a left R module N and fi E Hmr Mi N e I

there exists a unique R lunar map
L Mi N

IGI

Xilie to EI taxi finite sum bydefinitionof Mi

iObs Mj if Mi gives toYj fj

special in'T lift sttmodule M Ma M submodules

Rep M F M Ma it only it M Ma M
M nMz 304

Prod As M M
an R lemon weget by theuniversal

Ma M

property M Mz M
m ma 1 metmy

Image of f submodule ofM generated by M Mz
Kernel of t 3 x x XEM nMz

Thus his an isomorphism itf M M Ma MAM2 306
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Exercise Generalize to 3Mi 173 iet that is
W

ifMi M is an isomorphism iff

1 M EyMi submodule generated by Milice
e Mi n EEMj

o tie I

s4DirectProduct
Again if I is a setand Mili is a collectionof left
R modules the diet product 17Mi is defined as

i EI

I Mi 3 Xi ice
where Xie Mi ti

Note No finiteness audition

Remand For I finite Mi ITMi as
ie I

left R modules For general I they are different

Unhoped given a left R module N and
R linear maps Gi N Mi there exists a unique

map N f
HIM

Gmt film ie I
I notallowedfor Its

Furthermore Ii II Mi Mi is the projectiontothe

ith term we have
gift Ii tjeI
N My

hod
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ÉdYt ftR modules and M Matts
an R linear maps we say this sequence is ext atMa if

Image of f s kernel of g

Def2 O M G Ma 8 M3 0 s.es
mas L injective g surjective

Im t Ker g

Def3 A short exact sequence O M Mz 1750
is final if we have an R Union isomorphism

M Mz t Mz St

O M M2 9 M3 0

11 a 21 O 11

O M M 173 M3 0

Proposition A short exact sequence o M 112 1750
is trivial it and only if it splits that is if 7 R linear

map s Mz Mz st go s idly an R linearsection

Prod G Take j M M M as theusual inclusion

and define s Mz Mz as Zoj
E 2 M M Ma is R linear

X g 1 tax tsly

and it makes the diagram annunte
Ease Verify that 2 is an isomorphism


