
 

Lecture ChineseRemainderThu prime andmaximal ideals

1 Ideals in a commutativering
Fix a commutative ring R ICR is an ideal if it is a

subgroup of R t o RI R CI

Oh be 9 R ideals MR
at b atb aca be b E J IR
r f É ai bi ai toe biff ne 23 E TIR

The arithmetic of natural numbers has its analogue in the

set of ideals of R

Divisibility Indusium tr Zin me m ecus

Greatest ammon divisor Sum Cult m god In m

Least ammon multiple Intersection n h m km nm

Multiplication Product n m nm

With this dictionary in mind

Def We say two ideals of le CR are coprime it at b R

Similarly we write r era and d if ri ra Ed thatis

IT R Ma sins IT n Tra

Chinese born SunTzu
Let oh oen be ideals of R pairwisecoprime Loeitog R

ti j
Then for any Xi Xu ER F KER such that

X E Xi mod di for Kien



Prof We will need the following fact easyto aerify

claim b brah ideals ITbi c II bi
Next we sketch the proofof CRT

Thilo Find y yn ER such that forall iii n

y L mod Me yi ouwdckjV j.fi
If we succeed we set X X y tha ly t txu yn

conclude xi mod Me foreach i arithmetic m Ryoe

Cease n z R ok t Rz 1 9,1 92 fr Sme ai E kii

Take y az 42 91
Check y 1 92 C Az y E 0 mud of

y i a i y Eoe ie EIuwdoe if
generalcoe since R d t Rj 2 e jen then

i at taj for a ed Aj Erj

II II iaiita a IIITE.is tIiaiII
nm

Taj edj 2
So d e b fIIej are coprime ideals

By the n 2 case we can find y ER st

y mod Ma y E jIIAjCfIKj
That is y El mod Ma y Eo mod Aj Kj 7 h

Repeating this argument for each Oei weset yi ffmfadi.hsj.fi



cordage
R.in a II Yai iptaiohiseoiu.fi

udsofRfununutotihejPfLet R Is x x Ryan In Iii R Yog
X 1 3 LI txt Tn x

f is a ring homomorphism
f is surjective by CRT x xn with gisen

n
Il Lxi I nLXn

Ker f n ai
i 4

So by the 1st Iso Theorem we are done D

a Prime and Maximal ideals

Assume R is a commutative ring

Def A proper ideal P E R is aprimatial it for
envy or b in R we have

abe P at P n be P

Def A proper ideal M E R is a maximalidual ih

M E K E R de ideal d R

PepsiInt Maximal ideals exist

Proof Write I set of all proper ideals of R

J f 01 since c E L
L is partially ordered by inclusion



Consider a chain a totally ordered subset of J
Ai ie where di E Aj it is j

Define oh U di II ai
CGI

Claim M E L

PH a bed then I l s t a be de aedicole
bed jCole

a Ibe de c d lmexhi.jp

O E Oe

s at d re R I l stat de rattle
be

So d is an ideal
d is prefer since 14 di ti so 14Effi
Id every chain in T has a supremum in L

By Zorn's Lemma there are maximal elements in of

Corollary Let ME R be a proper ideal Then there exists

a maximal ideal M of R containing d

Prod Use the proposition for R Ma check that

maximal ideals of R correspond to maximal ideals ofR

antaining Oe This is true by the 2ndIsomorphismTheorem


